Cuaprter 14

Naturally Commutating AC to DC Converters

- Controlled Rectifiers

The converter circuits considered in this chapter have in common an ac voltage supply input and a dc
load output. The function of the converter circuit is to convert the ac source energy into controllable dc
load power, mainly for highly inductive loads. Turn-off of converter semiconductor devices is brought
about by the ac supply voltage reversal, a process called line commutation or natural commutation.
Converter circuits employing only diodes are termed uncontrolled (or rectifiers) while the incorporation of
only thyristors results in a (fully) controlled converter. The functional difference is that the diode conducts
when forward-biased whereas the turn-on of the forward-biased thyristor can be controlled from its gate.
An uncontrolled converter provides a fixed output voltage for a given ac supply and load.
Converters employing a combination of both diodes and thyristors are generally termed half-controlled
(or semi-controlled). Both fully controlled and half-controlled converters allow an adjustable output
voltage by controlling the phase angle at which the forward biased thyristors are turned on. The polarity
of the output (load) voltage of a fully controlled converter can reverse (but the current flow direction is
not reversible), allowing power flow into the supply, a process called inversion. Thus a fully controlled
converter can be described as a bidirectional converter as it facilitates power flow in either direction.
The half-controlled converter, as well as the uncontrolled converter, contains diodes which prevent the
output voltage from going negative. Such converters only allow power flow from the ac supply to the dc
load, termed rectification, and can therefore be described as unidirectional converters.
Although all these converter types provide a dc output, they differ in characteristics such as output ripple
and mean voltage as well as efficiency and ac supply harmonics.
An important converter characteristic is that of pulse number, which is defined as the repetition rate in
the direct output voltage during one complete cycle of the input ac supply.

A useful way to judge the quality of the required dc output, is by the contribution of its superimposed
ac harmonics. The harmonic or ripple factor RF is defined by

_ |/”z"57|/dzr_ Vrrzns _ 2 _ 1
RF, = /77 V—Z-L\/FF 1= Meﬁ(—1

dc

where FF is termed the form factor. RF, is a measure of the voltage harmonics in the output voltage
while if currents are used in the equation, RF; gives a measure of the current harmonics in the output
current. Both FF and RF are applicable to the input and output, and are fully defined in section 14.8.

The general analysis in this chapter is concerned with single and three phase ac supplies mainly
feeding inductive dc loads. A load dc back emf is used in modelling the dc machine. Generally,
uncontrolled rectifier equations can be derived from the corresponding controlled converter circuit
equations by setting the controlled delay angle a to zero. Also purely resistive load equations generally
can be derived by setting inductance L to zero in the L-R load equations and R-L load equations can be
derived from R-L-E equations by setting E, the load back emf, to zero.
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Single-phase full-wave half-controlled converter

14.1.1 Single-phase, full-wave half-controlled circuit with an R-L load

When a converter contains both diodes and thyristors, for example as shown in figure 14.1 parts a to d,
the converter is termed half-controlled (or semi-controlled). These four circuits produce identical load
and supply waveforms, neglecting any differences in the number and type of semiconductor voltage
drops. The power to the load is varied by controlling the angle a, shown in figure 14.1e, at which the
bridge thyristors are triggered (after first becoming forward biased). The circuit diodes prevent the load
voltage from going negative, extend the conduction period, and reduce the output ac ripple.

The particular application will determine which one of the four circuits should be employed. For
example, circuit figure 14.1a contains five devices of which four are thyristors, whereas the other circuits
contain fewer devices, of which only two are thyristors. The circuit in figure 14.1b uses the fewest
semiconductors, but requires a transformer which introduces extra cost, weight, and size. Also the
thyristors experience twice the voltage of the thyristors in the other circuits, 2\2 V rather than V2 V. The
transformer does provide isolation and voltage matching.
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Figure 14.1. Full-wave half-controlled converters with freewheel diodes:
(a), (b), (c), and (d) different circuit configurations producing the same output; and
(e) circuit voltage and current waveforms and device conduction table.
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The thyristor triggering requirements of the circuits in figures 14.1b and c are simple since both
thyristors have a common cathode connection. Figure 14.1c may suffer from prolonged shut-down times
with highly inductive loads. The diode in the freewheeling path will hold on the freewheeling thyristor,
allowing conduction during that thyristors next positive cycle without any gate drive present. The extra
diode Dy in figure 14.1c bypasses the bridge thyristors allowing them to drop out of conduction. This is
achieved at the expense of an extra device, but the freewheel path conduction losses are decreased
since that series circuit now involves only one semiconductor voltage drop. This continued conduction
problem does not occur in circuits 14.1a and d since freewheeling does not occur through the circuit
thyristors, hence they will drop out of conduction at converter shut-down. The table in figure 14.1e
shows which semiconductors are active in each circuit during the various periods of the load cycle.

Circuit waveforms are shown in figure 14.1e. Since the load is a passive L-R circuit, independent of
whether the load current is continuous or discontinuous, the mean output voltage and current
(neglecting diode voltage drops) are

V,~TR-1[ & Vsin(at) dot =Y 1+ cosa) V)
- (14.1)
T, =Y = %(1 +COS a) (A)

where a is the delay angle from the point at which the associated thyristor first becomes
forward-biased and is therefore able to be turned on and conduct current.
The maximum mean output voltage, V, = 2 2V / = (also predicted by equation 13.56), occurs at a = 0.
The normalised mean output voltage V,, is
V,=V, [V, =12(1+cosq) (14.2)
The Fourier coefficients of the 2-pulse output voltage are given by equation (14.129). For the single-
phase, full-wave, half-controlled case, p =2, thus the output voltage harmonics occur at n=2, 4, 6, ...

Equation (14.1) shows that the load voltage is independent of the passive load (because the diodes
clamp the load to zero volts thereby preventing the load voltage from going negative), and is a function
only of the phase delay angle for a given supply voltage.

The rms value of the load circuit voltage v, is

” 2 —a+Asi
V. :\/lj' (BVsinet) dot :V\/M ) (14.3)
e T
From the load voltage definitions in section 14.7, the load voltage form factor, FF, is
(7w —a+Y2sin2a
FF = Vo _ y7 (7 —a+sin2a) (14.4)
v, V2(1+cosa)

The ripple voltage is

Ve £ Wome =V (14.5)

hence the voltage ripple factor RF, is

RE, 2V, |V, = JFF? -1 (14.6)

The load and supply waveforms and equations, for continuous and discontinuous load current, are the
same for all the circuits in figure 14.1. The circuits differ in the device conduction paths as shown in the
table in figure 14.1e. After deriving the general load current equations, the current equations applicable
to the different circuit devices can be decoded.

14.1.1i - Discontinuous load current, with a < mand 8 — a < m, the load current (and supply current) is
based on equation 13.14 namely

i(ot) = I (ot) = *E% (sin(wt —¢$)-sin(a - ¢) eiml'%’“’) (A) (14.7)

a<wt<rn

where Z=+R*>+@’* and ¢=tan™ W%

After ot = 7 the load current decreases exponentially to zero through the freewheel diode according to
i) = ipot) = I, €1 ) O<ot<a (14.8)

where for wt = 7 in equation (14.7)

I, = \E% sin(g — a)(1 — e /%)

The semiconductor average current ratings can be determined from the average half-cycle freewheeling
current, /.., and the average half-cycle supply current, /,,.. For discontinuous load current
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= N . - (a-7)/tang
I v = (sm¢—sm(a—¢)e ) (14.9)
I, =%, -1, =V2ﬁRV(COS ¢ +cosa +singsin(a - ¢) e ”"a"“’) (14.10)
T

14.1.1ii - Continuous load current, with « < ¢ and 8 —a > r, the load current is given by equations
similar to equations 13.35 and 13.36, specifically

= —aftang 0 W
/(Wf)Zth):ﬁ%[sin(wt—¢)+sm¢e —sin(a —¢) - as]

1- g /ane (14.11)
alot<rn (A)
while the load current when the freewheel diode conducts is
iot) = Iy (ot) = I, €77 Q) (14.12)

O<owt<a

where, for wt =1 in equation (14.11)

V sing —sin(a — g)e ™" */tang )
017! - lie—n/tarw

The various semiconductor average current ratings can be determined from the average half cycle
freewheeling current, I, , and the average half cycle supply current, I,,;. For continuous load current

WF

- sing —sin(a — g) e~ /e
1., = l/z‘/— V singSn? - _(O; ,Y/izd (1-e“rne) (14.13)
7%5 =l/2[u N [v;F
(eafang |, 14.14
:'/z\/iRVcow[tanqzﬁefﬂm(e Hhans sin¢—sin(a—¢))+cos¢+cos(a—¢)] ( )
7 e

Table 14.1: Semiconductor average current ratings

Bridge circuit Number Average device current
figure 14.1 of devices Thyristor Diode
a 4T+1D %7, 2x7,,
b 2T+1D %7, 2x7,,
c 2T+2D vx T, vox 1,
d 2T+2D %7, AT, +2x1,,

The device conduction table in figure 14.1e can be used to specify average devices currents, for both
continuous and discontinuous load current for each of the circuits in figure 14.1, parts a to d.
For a highly inductive load, constant load current, the supply power factor is pf= 2/ \2cosa.

Critical load inductance
The critical load inductance, to prevent the current falling to zero (becoming discontinuous), is given by
oL, a+Sina + .cos 6

=0-a-Yar+—— 27 (14.15)
1+cosa
for a < 0 where
g =sin? Yo _gipr 1052 (14.16)
N% T

The minimum current occurs at the angle 6, where the mean output voltage V, equals the instantaneous
load voltage, v,. When the phase delay angle a is greater than the critical angle 6, 6 = a in equation
(14.16) yields (see figure 14.14)

ol a+Sina + 7 cosa

— = Vogp————— —— (14.17)
R 1+ cosa

It is important to note that converter circuits employing diodes cannot be used when inversion is
required. Since the converter diodes prevent the output voltage from being negative, (and the current is
unidirectional), regeneration from the load into the supply is not achievable.
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Figure 14.1a is a fully controlled converter with an R-L load and freewheel diode. In single-phase
circuits, this converter essentially behaves as a half-controlled converter.

14.1.2 Single-phase, full-wave, half-controlled circuit with R-L and emf E load

Figure 14.2. Full-wave half-controlled converter with freewheel diodes and back emf:
(a) circuit configurations and (b) circuit voltage and current waveforms and device conduction table.

In figure 14.2a, with a load back emf, current begins to flow when the supply instantaneous voltage
exceeds the back emf magnitude E, that is when

£
J2v
The average load voltage and current are given by
== j VZVsin(ot) dot = 7(1 +cosa) )

7,- V,-£ J— v
R
The time domain solution for the load current has two components.

a=sin? (14.18)

(14.19)

(1 +CoSa — 7z sin a) (A)

In the period aswt=<1
When current flows, Kirchhoff's voltage law gives

va(t):«/fl/sinwt:Ri+L%+E (14.20)
Assuming continuous current conduction, using R =Z cos® and E=V2Vsina , Which yields

o) - 16T +@(sm( t-9)- J_V]
.y eimlr%‘mw + @
! V4

sin (ot - ¢)—(Sx')"—sjj (14.21)
a>a and / (ot =7)>0

where Z=+R*+&’L* and ¢=tan™ w%
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In the period m<wt< m+a
VAL‘):O:RHL%#—E (14.22)
Solving gives

i(w[’):]l ~at: *Thang '\/—V[ -t ta"¢5|n¢ L]

2V
1o s NV Ty sing— Sn& (14.23)
' V4 cos ¢

aZ(; and/'(wl':ﬂ)>0

For continuous current, satisfying continuous and periodic boundary conditions

N (sin(¢ -a)- e 7o sin ¢)

oz 1-¢ /ot
Foraswtsm
. BV o s [ Ao o . sina
ot} = € 7 (in(g-a)+e T sin j*s'” t_g)_Sna 14.24
- e 28]
For mswt<m+a
g _a, —ot+a,
i(ot)= 24 ei[sin(¢—a)+e%a"¢sin¢)+ex%a"“’sin¢ sna (14.25)
Z |1 o cos¢

Constant load current
For a highly inductive load the load current can be considered a constant quasi-square wave of

amplitude 7, then the rms input supply current

The displacement factor = DF = cos V2«

«/_l/

VI, cosVea=V,I, =" (1+cosa)l,

22

thatis 7, = =<1 cosaa
V4

... distortion factor= Lu =2 #cos Yoo

v 7(r-a)

. Power factor =displacement factor x distortion factor

pf = ﬁ(brcos@

The input current total harmonic distortion is

THD:\/I"Z_I’i :J[—’Z—I:\/ (7 -a)

I A 4(1+cosa)

i

Discontinuous conduction
At wt < a equation (14.24) must be greater than zero for continuous conduction, that is
sin(¢—a)+ e ens sing

1- e%f‘"“’

+sin(a - ¢)7§?—SZ>O

That is
e Jeane sin(¢g—a)+e s sing sina
1_g fans cosg

(14.26)
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Two discontinuous conduction conditions exist:
i. The current is forced to zero before load freewheeling, when E exceeds the instantaneous
source voltage, that is m-a@ <g<m
ii. The current is forced to zero during load freewheeling, that is m<g<m+a

In both cases average output current is

i. In the first case
The average output voltage is

B Ta
I/D:l“«/iVsinwtdwt+ | «/iVsinov:dwt} p<x
a a T

%:Q[—cosﬂ+c05a+asin&} (14.27)
T
Hence
I, =ﬂ=@[—cosﬁ+c05a+(a—n)sin&} (14.28)
R 7R

The rms output voltage is
2
v, - l{r‘(\/ivgn a)l‘)z dot + j”"(ﬁmm&j dwt}
7| da E
_2v
s

(14.29)

[‘/z (B—a)+Vasin2a —Vasin23 + a]vz

Vo Vo,

] ’\\ !
io 1

T ! B /‘\

wt

Figure 14.3. Full-wave half-controlled converteC with freewheel diodes and back emf during
discontinuous conduction: (a) n-a < <nand (b) n < B <n+a.

In each case the rms output current can be derived from the time-current equations, which are used to

find the current extinction angle S.
ForaswtsBsm

va(t):«/stinwt:R/+L%+E (14.30)

which has the general solution

i(ot)= Iueﬂ%%a"“’ + ng/[sin (wt-¢)- sin&]

cos ¢
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where a zero initial current boundary condition gives

I, —m[sin(¢—a)+5ir‘g‘]

V4 CoS ¢
That is

i(wt)= % {sin(¢ —a)+ (s:i;s(;] e 7o s sin(wt - ¢) - %‘ions(;

Atwt=B<m, i({B)=0, thatis B is found iteratively from

[Sin(¢“)* Sina]e%w +sin(p—g)- %

cos¢ cos ¢

ii. In the second case:
The average output voltage is

I/‘,:l{j«/fl/sinwtdwbr | ﬁVsinz}dwt} B>
V3 i »

v, :@[1+c05a+(7z+a—ﬁ)sin&}
T

o

hence

7,-Y%E :@[1+c05a+(a—ﬂ)sin&}
R R

The rms output voltage is

Ve = l[r(ﬁVsinwt)z dw[+I”+a(«/§VSin0vtT dwt‘}
| s
_Nv
oz

2
[‘/z(;r —a)+Ysin2a + (7 +a - p)sin’ z}}

Foraswtsm
va(t):ﬁVsinwt:R/+L%+E

yielding

i(wt)=1e T, J?/[sin (ot -¢)- 72)”52

where a zero initial current boundary condition gives

I —m[sin(¢—a)+ sin&]

° Z cos ¢
That is

o 2V sing | ool sing
/(wz‘)_7 sm(¢—a)+cos¢ e +S|n(wt7¢)7cos¢

For mswt<p
v (t):O:R/+Lﬂ+E
° dt
which yields

o Hans _ V2V sina

/(o) =1, Z cos¢

where for continuous current at the boundary

I = @ sing + e Thans [sin(yﬁ— a)+ sina]

Z cos ¢

516

(14.31)

(14.32)

(14.33)

(14.34)

(14.35)

(14.36)

(14.37)

(14.38)

(14.39)
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That is
in o ~ot+a, —ot+r, ino
/(m):ﬂ sin(g—a)+ SN2 | “Tane g i gin g SN (14.40)
z Cos ¢ Cos ¢

Equating to zero at the conduction extinction angle 8 gives

ina | # pes ing
{sin(¢—a)+smaJe +%"’"“’+e %E"“’sin¢—sma—0

cos ¢ cos¢
[sin(¢—a)+ins’;]e%a”“’ +e%a”“’ sing (14.41)
B=tangxln
sina
cos ¢

Example 14.1: Single-phase, full-wave half-controlled rectifier

A 120V ac single-phase, full-wave half-controlled rectifier supports a 100A constant load current at a
delay trigger angle of 90°. Specify and characterise the input and output waveforms.

Solution

The output voltage waveform is defined by average and rms voltages of

V= \/%(1 +C0sa)= M(l +00sYar) = 54.0V
and
V, = VS\/” —a+Y2sin2a _ 120\/\/7[ — Yoz +V2sing —84.85V
The input fundamental and”rms currents are "
I, = %Ia cosVaa = ¥1OOA xCosVar = 63.3A
and

I, = Iu\/l 7 100A\/1—‘/2”” =70.7A

The various input factors are
DPF = cos'2a = cosVaz = 0.707

[4(1+cosa)  [4(1+cosVar)
\] r(r-a) - 7(m="2r)
pf = DF x DPF =0.90 x0.707 = 0.636

_ Iszl _ 1 _ 1 _
THD = ’ij = ,/DFZ’ = \[5o5 ~1 = 0484
L]

DF = =0.90

Single-phase controlled thyristor converter circuits

14.2.1 Single-phase, half-wave controlled circuit with an R-L load

The rectifying diode in the circuit of figure 13.1 can be replaced by a thyristor as shown in figure 14.4a to
form a half-wave controlled rectifier circuit with an R-L load. The output voltage is now controlled by the
thyristor trigger angle, a. The output voltage ripple is at the supply frequency. Circuit waveforms are
shown in figure 14.4b, where the load inductor voltage equal areas are shaded.
The output current, hence output voltage, for the series circuit are given by
di . .

Vu(t)—LE+R/—\/§VS|nwt ) (14.42)

a<wt<p (rad)
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where phase delay angle a and current extinction angle 8 are shown in the waveform in figure 14.4b and
are the zero load (and supply) current points.

Solving equation (14.42) yields the load and supply current

i(wt):@ {sin(wt - ¢) - sin(a -g)el« D@y (A)
where Z = R + (wlL) (ohms) a<wt<p (14.43)
tan ¢ = wL/R

and i is zero elsewhere.
The current extinction angle 8 is dependent on the load impedance and thyristor trigger angle a, and can
be determined by solving equation (14.43) with wt = B when i(B8) = 0, that is

sin(f-¢) = sin(a-g) el*Pand (14.44)
This is a transcendental equation. A family of curves of current conduction angle versus delay angle,

that is B - a versus a, is shown in figure 14.5a. The straight line plot for ¢ = V2r is for a purely inductive
load, whereas @ = 0 is a straight line for a purely resistive load.

The mean load voltage, whence the mean load current, is given by

V, == ["V2Vsinot dot
e (14.45)
2, A2V

l/o_IZ,R_ﬁ(cosa—cosﬂ) )

where the angle 8 can be extracted from figure 14.5a.

q=1r=1s=1
p=qxrxs
p=1
v
4
/
0 @ wt
(b)
Ve N Vo /
/ e v
/ L 7
/ / /
f i
0 a 42 -a / wt
e Ty
1 / \
/ v
N
(c)

Figure 14.4. Single-phase half-wave controlled converter:
(a) circuit diagram; (b) circuit waveforms for an R-L load; and (c) purely inductive load.
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The rms load voltage is

7 _[/ j (J’v) sin? wt dwt}

(14.46)
_V[/ﬂ{ —A(sin2f - sm2a)}]
The rms current involves integration of equation (14.43), squared, giving
i VA
[,m;=£ 1 (ﬂia)isln(ﬁ—a)cos(a+¢+ﬁ) (14.47)
Z |2z CoS ¢

Iterative solutions to equation (14.44) are shown in figure 14.5a, where it is seen that two straight-line
relationships exist that relate a and §-a. Exact solutions to equation (14.44) exist for these two cases.
That is, exact tractable solutions exist for the purely resistive load, @ = 0, and the purely inductive load,
@ =5

14.2.1i - Case 1: Purely resistive load. From equation (14.43), Z =R, ¢ =0, and the current is given

by
) 2V .
fot) =—2— sinat G (14.48)
a<ot<rand f=rx Va
The average load voltage, hence average load current, are
v, :ij "2 sinwt dot
(14.49)

v, = J— 2 (1 + cosa) V)

where the maximum output voltage is 0.45V for zero delay angle.

360 2™ _
¢ =tan" " (wL/R)
al
Purely @
inductive
240 straight line
B— (m) -~ ——————
(degrees) B — o= 180
120
— Purely straight line =
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B 1
[ Yam k24 Yin ()
1 1 1 1 1 1 1
o ! 60 ! 120 180
Delay angle « (degrees)
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0.4 —]
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0.2 ) —
%7: Yam Y T
1 T — | | ' 1 1 |
o 20 ' 40 60 80 ' 100 120 140 160 180
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Figure 14.5. Half-wave, controlled converter thyristor trigger delay angle a versus:
(a) thyristor conduction angle, $-a, and (b) normalised mean load current.
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The rms output voltage is

V,. :[/ﬂj (J_V) sin? ot da)t}
=V [y”{ - a) +V2sin Za)}]‘h

Since the load is purely resistive, 7__=l/ /R and the voltage and current factors (form and ripple) are

rms rms

equal. The power delivered to the load is P, = I;SR

(14.50)

The output voltage form factor (and output current form factor for a purely resistive load) is

% (7 — o)+ V2sin2a
FF,=-2 =X (14.51)
A 1+cosa
The supply power factor, for a resistive load, is Poyt/Vms Ims, that is
pf = Jvp &, SiN2a (14.52)
27 4z

14.2.1ii - Case 2: Purely inductive load. Circuit waveforms showing equal inductor voltage areas are
shown in figure 14.4c. From equation (14.43), Z = wL, ¢ =2z, and the output voltage and current are
given by

y (a)t‘)= Vsinot a<ot<2r-a (14.53)
0 elsewhere
i(owt) = \/57:/ (Sin(wt ~Yar) -sin(a- ‘/272)) (A)
f) (14.54)
= ZLV (cosa -coswt) a<ot<pand f=27-a
[0)
The average load voltage, based on the equal area criterion, is zero
V, =2 [NV sinat dot =0 (14.55)
27 Ja
The average output current is
I, = %”J' N2V reosg - cosat} dot
ol (14.56)
- “/ELV [(7-a)cosa+sina |
T
The rms output current is derived from
—a V2
a J_ 2V [1 ”J' : (cosa - Coswl’)zdwt}
3 e (14.57)
{ a)(2+cos2a)+ 25|n2aﬂ
The rms output voltage is
Ve [ 21 n J—V) sin® wt dwt'}
(14.58)

=V [1/ {(7[ a) +Y2sin 205)}]/Z

Since the load is purely inductive, 2, =0 and the load voltage ripple factor is undefined since V, = 0.
By setting a = 0, the equations (14.48) to (14.58) are valid for the uncontrolled rectifier considered in
section 13.1.3, for a purely resistive and purely inductive load, respectively.

14.2.1iii - Case 3: Back emf E and R-L load. With a load back emf, current begins to flow when the
supply instantaneous voltage exceeds the back emf magnitude E, that is when

v . E
a=sint —— 14.59
5y ( )

When current flows, Kirchhoff’s voltage law gives

Vo(t):ﬁVSinwt:R/+l_%+E (14.60)
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Assuming continuous current conduction, using R=Zcos® and E=V2V,sin (} , which yields

i(ot)= ﬂsm(a)t ¢)***(ﬂsm(a 4)- gjewmw""

R
2V sina sing | o+,
=—~—/sin(ot - ¢) - ——— - e /e 14.61
z ( ?) cos ¢ in(e-¢) cos ¢ ( )
a>a and i(wt:27r+a)>0
The load power is given by

P = Ime+1 R (14.62)

while the supply power factor is given by

: _

pf = _ImR+ IR (14.63)

vi,, VI,

The solution for the uncontrolled converter (a half-wave rectifier) is found by setting « = &, eqn (14.59).

The boundary for continuous current conduction is when i>0 at the end of the conduction period when
wt =2m+a, that is

sin(a - ¢)sma[sm( ¢)Sm&Je%"¢>0

0S ¢ cos ¢

That is, continuous conduction occurs when

(14.64)

With discontinuous conduction, the output current is still given by equation (14.61), until the current
falls to zero at the extinction angle B. The extinction angle 8 is found from the boundary condition i(wt) =
i(B)=0, for 2r+a > B >4, in equation(14.61). That is, 8 is found iteratively from:

sin(5-g)- N2 (1—5-” %Mj‘e” Yo sin(a— ) = 0 (14.65)

cos ¢

In the interval between B < wt < 2mr+a no current flows and the output voltage is the load back emf, E =

\/2Vssin(} . The average output voltage, hence current are given by
2r+a

vV, = J‘«/_Vsmwtdwf+ I Ed ot

:j«/iVsinwtdwt+ j R2Vsinadaot
#

v, =JZ—L;:/[COSZZ*COS/?+(27I+afﬁ)XSingc:i (14.66)
Therefore
7, Y%-E_ V,-2Vsina
R R
fu:%i[cosa—cosﬁ+(n+a—ﬁ)xsin&} (14.67)

Example 14.2: Single-phase, half-wave controlled rectifier

The ac supply of the half-wave controlled single-phase converter in figure 14.4a is v = V2 240 sinwt. For
the following loads

Load #1: R=10Q, wL=0Q

Load #2: R=0Q, wL =10Q

Load #3: R=7.1Q, wL=7.1Q
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Determine in each load case, for a firing delay angle a = 11/6

e the conduction angle y=0 - a, hence the current extinction angle 8

e the dc output voltage and the average output current

e the rms load current and voltage, load current and voltage ripple factor, and power
dissipated in the load

e the supply power factor

Solution

Load#1: Z=R=10Q,wL=0Q
From equation (14.43), Z=10Q and ¢=0°.
From equation (14.48), B = m for all a, thus for a =1/6, y = B - a = 511/6.
From equation (14.49)
V,=1,R= “/—V (1+cosa)

= %(1 +cosz [/ 6)=100.9V
The average load current is
I,= V./R= %(1 +cos ) =100.9V/100=10.1A.

The rms load voltage is given by equation (14.50), that is

Vi =V [, 4(7 — ) + Vasin2a)}]"

=240V [ 1 {(x~7/6)+Vasinz / 3}]"2 —167.2V

Since the load is purely resistive, the power delivered to the load is

P =I' R=V> |R=167.2V* [ 10Q = 2797.0W

I, =V, . [R=167.9V/10Q =16.8A
For a purely resistive load, the voltage and current factors are equal:

FF_FF - 167.2V _16.8A _ 1.68
! " 100.9V 10.1A

RF, = RF, =JFF*~1=1.32

The power factor is

_ 2797w
240V x16.7A
Alternatively, use of equation (14.52) gives
s L/G + sinz/6
2z 4z

=0.70

=0.70

pf =

Load#2: R=0Q,Z=X=wL =10Q
From equation (14.43), Z = X =10Q and ¢ = Y2z . From equation (14.54), which is based on the
equal area criterion, 8 = 21 - a, thus for a = 11/6, 8 = 111/6 whence the conduction period is y =
B — a=5m/3. From equation (14.55) the average output voltage is

v, =0V
The average load current is
= v .
I = H[(;z—oz)c05a+smoz ]

2 240 .
=~ x[(57/6)cosx/6+sinz /6 |=14.9A

Using equations (14.57) and (14.58), the load rms voltage and current are

V. _24ov[ {n 7+ %SIHV}:| ~236.5V
T = 21‘:)(:;/{ {(” ~7g)(2+ cos2a) + 34sin %}T =37.9A

Since the load is purely inductive, the power delivered to the load is zero, as is the power factor,
and the output voltage ripple factor is undefined. The output current ripple factor is
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FF, = ];"5 = % =2.54 whence RF, = \2.54* -1=2.34

Load #3: R=7.1Q, wL=7.1Q
From equation (14.43), Z=10Q and ¢ = Yar .
From figure 14.5a, for ¢ =Var and a =z /6, y = B — a =195° whence 8 = 225°.
Iteration of equation (14.44) gives B = 225.5° = 3.936 rad. From equation (14.45)
V,=I,R= %(comz—cosﬁ)

= %(cos 30° - c05225°) = 85.0V
The average load current is
L=V, /R
= 85.0V/7.1Q = 12.0A

Alternatively, the average current can be extracted from figure 14.5b, which for ¢ = Yar and
a = r | 6 gives the normalised current as 0.35, thus

I :\/EV/Z %0.35

- \/5X240%Q x0.35 = 11.9A

From equation (14.47), the rms current is

V|1 sin(B - a)cos(a + ¢+ ) &
gl )

ms cos ¢

sin(3.93 -7/ |cos(7/ + Yar +3.93)
-2V L Be3-n)) - (393-7¢) ot
100 |27 6 cos Varr

The power delivered to the load resistor is
P, =1’ R =18.18A% x7.1Q = 2346W
The load rms voltage, from equation (14.46), is

Vs =V[ %, {(5 ~ @) - Valsin2p - sin2a)} ]
=240V[ 14, {(3.94 - L)~ Vax (sin(2x3.94) ~sin(2x 4 z))|] =175V

=18.18A

The load current and voltage ripple factors are

18.18A
FF, = =1.515 RF, = |FF? -1=1.138
" 12.0A ! !

FF, = 1;55'3\/ =2.06 RF, = JFF7-1=18

The supply power factor is
B 2346W
" 240V x18.18A

=0.54

L)

14.2.2 Single-phase, half-wave half-controlled

The half-wave controlled converter waveform in figure 14.4b shows that when a < wt < m, during the
positive half of the supply cycle, energy is delivered to the load. But when ™ < wt < 2, the supply
reverses and some energy in the load circuit is returned to the supply. More energy can be retained by
the load if the load voltage is prevented from reversing. A load freewheel diode facilitates this objective.

The single-phase half-wave converter can be controlled when a load commutating diode is incorporated
as shown in figure 14.6a. The diode will prevent the instantaneous load voltage v,from going negative,
as with the single-phase half-controlled converters shown in figure 14.1.

The load current is defined by equation 13.33 for a < wt <1 and equation 13.34 for m< wt<2m +a,
namely:
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L9 R 3Vsinot A  a<ot<r
sz (14.68)
LF;+RI:0 (A  r<ot<2r+a

At wt = 1 the thyristor is line commutated and the load current, and hence freewheel diode current, is of
the form of equation 13.36. As shown in figure 14.6b, depending on the delay angle a and R-L load time
constant (L/R), the load current may fall to zero, producing discontinuous load current.

The mean load voltage (hence mean output current) for all conduction cases, with a passive L-R load, is

V, == [ VaVsinot dot
2m e (14.69)
_7 _\/EV
V,=I,R=--—(1+cosa) V)

2z

which is half the mean voltage for a single-phase half-controlled converter, given by equation (14.1).

The maximum mean output voltage, IZ, :\/EV/;z(equation 13.29), occurs at a = 0. The normalised
mean output voltage V,, is

V,=V, /v, =2(1+cosa) (14.70)

The Fourier coefficients of the 7-pulse output voltage are given by equation (14.129). For the single-
phase, half-wave, half-controlled case, p=1, thus the output voltage harmonics occuratn=1, 2, 3, ...

The rms output voltage for both continuous and discontinuous load current is

Vo= [%,,J.:(\/zl/)z sin® ot da)l‘T
=y [%ﬂ {(;z' —a)+"2sin Za)}]‘h

(14.71)

is i
N
L |
T
q=1r=1s=1 R
p=qxrxs
p=1 v <~> Ds Vo
L

(a)

Vo=0=v,+vg

VL=V }/ 4
L=VR
for wt>m \ K

Figure 14.6. Half-wave half-controlled converter:
(a) circuit diagram and (b) circuit waveforms for an inductive load.
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14.2.2i - For discontinuous conduction the load current is defined by equation (14.43) during thyristor
conduction

i(ot) =i (ot) = % x (sin(wt —¢)-sin(a-¢) e—m%a"“’) (A)
asot<r
i(0t) = iy (ot) = I, € /"¢ (14.72)
={«/§V <sin(g-a)(d 7e’”/ta””’)}efmt+n/tan¢ (A)

it L2r+a
The average thyristor current is

= 14 - -
I, =—=—x(cos’¢ +cosa +singxsin(a — ¢) x =" 14.73
r= g (o' ¢xsin(a - ) ) (14.73)
while the average freewheel diode current is
= - 7 _Vsing /. .
I, =1,-1, =—=—"x(sing—xsin(a—¢)xe """ 14.74
o r=g o x(sing (a-9) ) (14.74)

14.2.2ii - For continuous conduction the load current is defined by

ng y [sin(a)t P (sin¢ &% _gin(g - ¢))e7m“%w]

[(ot) = is((u[) =

1-— e—er/tan¢
alot<rn (A)
i(ot) = iy (t) = I, e/ (14.75)
_|\2v  sing —sin(a - ¢) e~maltand e-ot+alang )
- z 1_ e—z/tamp

<ot <2r+a

For a constant current load I, the average and rms thyristor currents are

I =2"%r (14.76)
2
L= =21, (14.77)
2

The advantages (offsetting the dc component in the input) of incorporating a load freewheel diode are
e the input power factor is improved and
e the load waveform is improved (less ripple) giving a better load performance

14.2.3 Single-phase, full-wave controlled rectifier circuit with an R-L load

Full-wave voltage control is possible with the circuits shown in figures 14.7a and b. The circuit in figure
14.7a uses a centre-tapped transformer and two thyristors which experience a reverse bias of twice the
supply. At high powers where a transformer may not be applicable, a four-thyristor configuration as in
figure 14.7b is suitable. The voltage ratings of the thyristors in figure 14.7b are half those of the devices
in figure 14.7a, for a given converter input voltage.
Load voltage and current waveforms are shown in figure 14.7 parts c, d, and e for three different phase
control angle conditions.
The load current waveform becomes continuous when the phase control angle a is given by

a=tan" oL [/R=¢ (rad) (14.78)
at which angle the output current is a rectified sine wave. For a > g, discontinuous load current flows as
shown in figure 14.7c. At a = g the load current becomes continuous as shown in figure 14.7d, whence 8
= a + m. Further decrease in a, that is a < g, results in continuous load current that is always greater
than zero (no zero current periods), as shown in figure 14.7e.

14.2.3i- a > ¢, - a <, discontinuous load current

The load current waveform is the same as for the half-wave situation considered in section 14.2.1, given
by equation (14.43). Thatis

i(ot) = @ [sin(at - ¢) - sin(a -¢) e (@ e (A) (14.79)
a<ot <p (rad)
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The mean output voltage for this full-wave circuit will be twice that of the half-wave case in section
14.2.1, given by equation (14.45). Thatis

v, =LR= L["AVsinat dot

=ﬂ (cos a - cos p) )

T
where 8 can be extracted from figure 14.5. For a purely resistive load, 8 =1. The average output current
is given by 7, =1/ / R and the average and rms thyristor currents are Y27, and 7, /2, respectively.

(14.80)

The rms load voltage is

2
v, - [%j”zvz sin? ot dwt}
“ (14.81)

-V [%{(ﬂ —a) - "a(sin2f —sin 20;)}}‘/2

q=2r=1 s=1
pP=qxrxs
p=2

(c)

w A

(d)

(V)

(e)

/

/
\
N _,/&\ v N //

~

\

Figure 14.7. Full-wave controlled converter:
(a) and (b) circuit diagrams; (c) discontinuous load current;
(d) verge of continuous load current, when a = @; and (e) continuous load current.
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The rms load current is

"oz cos ¢

. %
I :1{3[(/3—01)7S'n(ﬁ_a)cos(a+¢+ﬂ)ﬂ (14.82)
V3

The load power is therefore P =12 R.

14.2.3ii - a = ¢, f-a =1, verge of continuous load current

When o = ¢=tan™ wl /R, the load current given by equation (14.79) reduces to

. v
i(ot) = ?Sln(a)l‘ - @) (A) (14.83)
for g<wt <gp+n (rad)
and the mean output voltage, on reducing equation (14.80) using 8 = a + T, is given by
V-2 sy ) (14.84)

which is dependent on the load such that « = g¢=tan w. /R . From equation (14.81), with f—a =,
the rms output voltage is V, I;s = V/Z, and power = VI, _C0S¢ .

14.2.3iii - o < ¢, B-T1 = a, continuous load current (and also a purely inductive load)

Under a continuous load current conduction condition, a thyristor is still conducting when another is
forward-biased and is turned on. The first device is instantaneously reverse-biased by the second device
which has been turned on. The first device is commutated and load current is instantaneously
transferred to the oncoming device.

The load current is given by

i(at) = @ [sin(wt - ¢) - % (- exysan oy (14.85)

This equation reduces to equation (14.83) for a = ¢ and equation 13.54 for a=0.

The mean output voltage, whence mean output current, are defined by equation (14.84)
I/D:Z,R:@cwa V)

V2

which is uniquely defined by a. The maximum mean output voltage, l}o =22V /r (equation 13.56),
occurs at a = 0. Generally, for a > %, the average output voltage is negative, (theoretically) resulting in
a net energy transfer from the load to the supply.

The normalised mean output voltage V,, is

V=V |V, =cos a (14.86)
The rms output voltage is equal to the rms input supply voltage and is given by
1 ¢ ra 2
V.= \/f ) (JE v) sifot dot = V (14.87)
i
The ac in the output voltage is
V, = V2.~V =V 1+ Ecos’a (14.88)
The ac component harmonic magnitudes in the load are given by
l/n:‘/i'/x 1,1 2082 (14.89)
2t (n-17 (n+1) (n-1)(n+1)
for neven, namelyn=2,4,6...
The load voltage form factor, (thence ripple factor), is
T
FF = 14.90
" 22cosa ( )

The current harmonics are obtained by division of the voltage harmonic by its load impedance at that
frequency, that is

I =2 o n=0,2,4,6,.. (14.91)
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Integration of equation (14.85), squared, yields the load rms current (or equation 13.55 for a=0)

1. -2 1{”+[25in(a—¢)] tan¢(1ez”“’]"”)4{25in(a_¢)]sinasin¢(1e”“’m)H (14.92)

ms Zlx 1 7efzr/tana§ 1- efzr/tanuﬁ

Thyristor average current is 1/270, while thyristor rms current rating is I,ms/«/f. The same thyristor
current rating expressions are valid for both continuous and discontinuous load current conditions.

Constant load current
For a highly inductive load, the line current can be considered a square wave of amplitudefo, then the
rms input supply current I; s and its fundamental I, are

L s :jo and I, :&ia
V4

The displacement power factor = DPF = cosa
The distortion factor is

I
DF = - &
frms i
The supply power factor is
22

pf = DF x DPF = —=x cosa
7

The input current total harmonic distortion is

The harmonic factor or voltage ripple factor for the output voltage is

VRV "
RF, 2%{§—cosz a:| (14.93)

o

which has a minimum of 0.483 for a=0 and a maximum of 1.11 when a="5Tr.

Critical load inductance (see figure 14.14)
The critical load inductance, to prevent the load current falling to zero, is given by

ol, =« 2 . 2
2 t = Seosa [cosa +2sina - Zcosa(Var + o+ 9)) (14.94)
for a < 6 where
0 =sint Vo _ gin1 26052 (14.95)

J2v

The minimum current occurs at the angle 6, where the mean output voltage V, equals the instantaneous

load voltage, v,. When the phase delay angle a is greater than the critical angle 6, substituting a = 6 in
equation (14.94) gives

oL _

—tana (14.96)

14.2.3iv Resistive load, B =1

When the load is purely resistive, that is L =0, the average and rms output voltage and currents are
given by substituting Z=R and 8 =1 in to equations (14.80), (14.81) and (14.82). That is

v ~TR=2T.R=Y2Y (cosa+1) V) (14.97)
V2
2
V,.=I1,R=I, R=+21I, R=V [%{(71 —a)-Yasin Za}} (14.98)

Example 14.3: Controlled full-wave converter — continuous and discontinuous conduction

The fully controlled full-wave, single-phase converter in figure 14.7a has an ac source of 240V rms,
50Hz, and a 10Q-50mH series load. If the delay angle is 45°, determine

i. the average output voltage and current, hence thyristor mean current

ii. the rms load voltage and current, hence thyristor rms current and load ripple factors

iii. the power absorbed by the load and the supply power factor
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If the delay angle is increased to 75° determine

iv. the load current in the time domain

v. numerically solve the load current equation for B, the current extinction angle

vi. the load average current and voltage

vii. the load rms voltage and current hence load ripple factors and power dissipated
viii. the supply power factor

Solution
The load natural power factor angle is given by
¢=tan" wl / R =tan™ (2750 x 50mH / 10Q) = 57.5°=1 rad
Continuous conduction
Since a < ¢ (45° < 57.5°) , continuous load current flows, which is given by equation (14.85).

M [sin((gt - 1) - %:31155'1) e {131 - mz)/1_55w,]
18.62Q 1_e
=18.2x[sin(wt - 1) - 1.62x e ~*/**]
i. The average output current and voltage are given by equation (14.84)
2—\/Evcos(z 2—\/El/cos 45°=152.8V
a T

i(wt) =

V,=I,R=
70 =V, /R=152.8V /1002 =15.3A
Each thyristor conducts for 180°, hence thyristor mean current is 2 of 15.3A = 7.65A.

ii. The rms load current is determined by harmonic analysis. The voltage harmonics (peak magnitude)
are given by equation (14.89)

—“/va 1 1 2cos2a

v, o (n—1)2+(n+1)27(/7~1)(f7+1) for n=2,4,6,..
and the corresponding current is given from equation (14.91)
Vo v,
" 2[R+ (noL)

harmonic V, Z, =R’ +(na)L)2 I, = Yo i T2
n Z, Vol
0 (152.79) 10.00 15.28 (233.44)
2 55.65 32.97 1.69 1.42
4 8.16 63.62 0.13 0.01
6 3.03 94.78 0.07 0.00

2+l = 234.4

The dc output voltage component is given by equation (14.84).

From the calculations in the table, the rms load current is

I, = +v%> I? =\2344 =153A

Since each thyristor conducts for 180°, the thyristor rms current is yﬁ of 15.3A = 10.8A
The rms load voltage is given by equation (14.87), that is 240V.

I, 153A
FF =2me =222 10 RF, = JFF7=1=41.00"-1-0.0
"7, 153A ‘ '
V, 240V : :
R ey R A JFF-1=\157-1-1.21

iii. The power absorbed by the load is
P, =12 .R=15.3A° x10Q2 = 2344W
The supply power factor is

P 2344W
o fi _ 238W 64
P T T 240V x15.3A

rms™® rms
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Discontinuous conduction

iv. When the delay angle is increased from 45° to 75° (1.31 rad), discontinuous load current flows since

the natural power factor angle ¢ = tan™ wL / R = tan™ (2750 x50mH / 10Q) = 57.5° = 1rad is exceeded.

The load current is given by equation (14.79)

2 x 240V
18.620

=18.2x[sin(wt - 1) - 0.71x e ~“/**]

i(wt) = [sin(of - 1) - sin(1.31 -1) e (@3t -e0/tseh)

v. Solving the equation in part iv for wt = B and zero current, that is
0=sin(pg - 1) - 0.71x e #**
gives B =4.09 rad or 234.3°.

vi. The average load voltage from equation (14.80) is

A =M (cos 75° - cos 234.5°) =90.8V
V3
7=l 08 _g0n
° R 10Q

vii. The rms load voltage is given by equation (14.81)

4

rms

Y2

=240V x [l {(4.09 —-1.31) - ¥2(sin8.18 —sin 2.62)}] =216.46V
K
The rms current from equation (14.82) is

gL ><|:l[(4.0971.31)7
18.62Q |7

The load voltage and current form and ripple factors are

Ly 135574 49 RF, = JFFF -1 =149 -1 =1.11

FF, = =ms —
I, 9.08A
v 216.46V
FF =2 == — — =2, RF=JFF2— =4238"-1=2.1
Y 90.8V 38 Y h 38 6
The power dissipated in the 10Q load resistor is
P =12, R=13.55" x10Q = 1836W

i 2
sin(4.09 -1.31) xcos(1.31 +1 +4.09)H 1355
cos1

viii. The supply power factor is
pF = P, __ 1836W ~ 056
v 240V x13.55A

rms® ms
&

14.2.4 Single-phase, full-wave, fully-controlled circuit with R-L and emf load, E

An emf source and R-L load can be encountered in dc machine modelling. The emf represents the
machine speed back emf, defined by £ = k¢ . DC machines can be controlled by a fully controlled
converter configuration as shown in figure 14.8a, where T4-T, and T,-T; are triggered alternately.

If in each half sine period the thyristor firing delay angle occurs after the rectified sine supply has fallen
below the emf level E, then no load current flows since the bridge thyristors will always be reverse-
biased. Thus the zero current firing angle ais:

a=sin? (E /JEV) (rad) for ‘Yer<a<n (14.99)

where it has been assumed the emf has the polarity shown in figure 14.8a. With discontinuous output
current, load current cannot flow until the supply voltage exceeds the back emf E. That is

& =sin’ (E/Jiv) (rad) for 0<é&<Yr (14.100)
Load current can always flow with a firing angle defined by
a<a<a (rad) (14.101)
The load circuit current can be evaluated by solving
«/El/sina)l‘:L%+Ri+E V) (14.102)

The load voltage and current ripple are both at twice the supply frequency.
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14.2.4i - Discontinuous load current

The load current is given by

N

R

i(wt) = [cosgsin(wt - 4) - +{ E . cosgsin(a -¢)}e (- aOltan 417

2v 2V (14.103)

a<ot <p<z+a (rad)
For discontinuous load current conduction, the current extinction angle B8, shown on figure 14.8b, is
solved by iterative techniques for i(wt=) = 0 in equation (14.103).
; N _E E _ : i} (e - Mltan ¢} _
cosgsin( - ) -5, +{&V cosgsin(a ¢)}e 0 (14.104)

The mean output voltage can be obtained from equation (14.80), which is valid for E = 0.

In the interval between B < wt<m+a no current flows and the output voltage is the load back emf, E =
V2V,sin 5{ . The average output voltage, hence current are given by

B Tta
V, = [N2Vsinet dot + | Edot
a B

B Tta
=jJ§|/sinwtdwt+ j 2Vsinadaot
a ¥

v, :ﬂ[cas(x—cosﬁ+(7z+a—,6')xsin(}}
T

o

Vv, = Vav [cos @ - Cos ,B+(7r+a—ﬂ)i] v) (14.105)
T 2V
O0<p-a<nx (rad)

The current extinction angle § is load-dependent, being a function of Z and E, as well as a.
Since I = E+7GR , the mean load current is given by

V,-E V,-\2Vsina

I,
R R
- y-£ v E
o = =——=—"— |cos a—cos f——(f-«a A
A — [ B ﬁv(ﬁ )] (A
70=%l{cosa—cosﬂJr(a—ﬂ)xsim}} (14.106)
T
0<p-a<nm (rad)
The rms output voltage is given by
2 B-a 2 p-a V2, : ”
Ve = |Vi—F—+E (1—7)—E(sm2ﬂ—sm2a) ) (14.107)
The rms voltage across the R-L part of the load is given by
Vatrms = Woms = E* (14.108)

The total power delivered to the R-L-E load is
P =I>R+I,E (14.109)
where the rms load current is found by integrating the current in equation (14.103), squared, etc.

The boundary for continuous current conduction is when >0 at the end of the conduction period when
wt=1+aq, thatis

—sin(a-¢)- sina —[sin(a—gﬁ)—Sim}]e%“’"“’ >0

cos ¢ cos ¢

That is, continuous conduction occurs when

v

i -1
sin(a - ¢) > 0% xtanh[ A”j (14.110)

cos ¢ tang
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With discontinuous conduction, the output current is still given by equation (14.61), until the current
falls to zero at the extinction angle B. The extinction angle 8 is found from the boundary condition i(wt) =
i(B) =0, for m+a>B>1r, in equation(14.61). That is, B is found iteratively from:

sin(p—g)- < (176-“’%”}75-“’%” sin(a—¢)=0 (14.111)

cos ¢

q=2 r=1 s=1
p=qxrxs
p=2

/
\ : \
\ /‘ \ /&\
AN / \\ _ / v

Figure 14.8. A full-wave fully controlled converter with an inductive load which includes an emf
source: (a) circuit diagram; (b) voltage waveforms with discontinuous load current; (c) verge of
continuous load current; and (d) continuous load current.
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Performance aspects of the rectifier such as V, and fo, can be found in terms of a, B and 6. That is
B T+a
-1 J.«/El/sina)t'da)t+ J Edaot
e B

v

=7[cosa—cosﬂ+(7z+a—ﬂ)sin6]

V,-E V,-F
R Zcos¢
2v

- nZ COS¢p

[cosa—cos g +(x+a-p)sing]

14.2.4ii - Continuous load current
With continuous load current conduction, the load rms voltage is V.

The load current is given by

i(wt) = @ [sin(wt - ¢) - cyo\z; ?EZT@E {(a - o)tan ¢;]
N sing sin .o
= [sin(wt - ¢) - cos¢ 2%5} (e eDftan ] (14.112)
E =J2/sing asot <r+a (rad)

The periodic minimum current is given by
v v el 1 F 2v vir | E
1_—S|n — = = —sm tanh -= 14.113
( ¢) e’”/taﬂw -1 R (a ¢) tan¢ R ( )
For continuous load current conditions, as shown in figures 14.8c and 14.8d, the mean output voltage is
given by equation (14.105) with f=7-«
=1 ["R2Vsinot dot (=E+1R)

= @ cosa ) (14.114)

V.4

[: «/El/g sin%cos:zj

The average output voltage is dependent only on the phase delay angle a (independent of E), unlike the
mean load current, which is given by

7 _Y-E_ v E
I, 2 2 [ﬂcow—m] (A)

\/—v(

(14.115)

cosa —siné
.4

The power absorbed by the emf source in the load is P = LE , while the total power delivered to the R-
L-Eloadis P, =12 R+1,E.

The output voltage can be expressed as a Fourier series.
v,(£)=V, +42V[a, cos2nat + b, sin2not |
n=1

=\2v {bo + i[an cos2nwt + b, sin ant]}

—7j d(ot_fj‘ R2Vsinotdot = J—V cosa =2V x b, (14.116)

, =
T

R 2 cos(2n+1)a cos(2n-1)a
2n+1 2n-1
(14.117)

2n+1 2n-1

), =

gl:sin(2n+l)a sin(Zn—l)a}

V4
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Each harmonic current can be found by dividing each harmonic voltage by its associated impedance,
that is i, = V,, / Z, where Z,=VR? + (2nwL)’and V, =V & + b2.

The output current and voltage ripple is at multiples of twice the supply frequency. The output voltage
harmonic magnitudes for continuous conduction, given by equation (14.89), are

7ﬂx 1 + 1 2cos2a
" 2 (n-1)  (n+1) (n-1)(n+1)

J for n=2,4,6,.. (14.118)

The dc component across the R-L (and just the resistor) part of the load is
Vo=V, - E

OR-L
(14.119)
ZJZV xcosa — E

The ac component of the output voltage is

V, =2 -V, [N_ws‘”] (14.120)

rms

and the output voltage form factor is

V4
FF = 14.121
" 2J2cosa ( )

Thyristor average current is '/2,70, while thyristor rms current rating is 7, /«/E. These same two thyristor
expressions are valid for both continuous and discontinuous load current conditions.

If the load current is assumed constant and equal to the average current fathen the displacement factor
is cosa and
I, .= 2‘/5 =l and1l,, =1,

ilrms irms

Therefore the input distortion factor
DF = /lrms - &

irms z

and the input power factor is

V. I, _cos
__actual power V1, COsar _ icos:z (lagging)
apparent power V.i,.

Critical load inductance

From equation (14.113) set to zero (or i=0 in equation (14.112)), the boundary between continuous and

discontinuous inductor current must satisfy
Yarr

R . E
> sin(a - ¢) tanh[tan¢) > By

(>sing) (14.122)

Inversion

If the polarity of the back emf E is reversed as shown in figure 14.9a, waveforms as in parts b and c of
figure 14.9 result. The emf supply can provide a forward bias across the bridge thyristors even after the
supply polarity has gone negative. The zero current angle a now satisfies ™ < o < 3m/2, as given by
equation (14.99). Thus load and supply current can flow, even for a > 1.

The relationship between the mean output voltage and current is now given by

% :—E+.7[,R:\/§l/§ sin%COSa with p=2 (14.123)

That is, the sign of the emf term E in equations (14.99) to (14.122) is appropriately changed to - E.
The load current flows from the emf source and if a> 41, the average load voltage is negative. Power is
being delivered to the ac supply from the emf source in the load, which is an energy transfer process
called power inversion. In general

0<a<90° —>V,>0 P >0 /i >0 rectification

90°<a<180° — V, <0 A <0 /,>0 inversion
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The average current, from equation (14.115) is
L 7 :K_E:ISZ'BV_SOV:m.ZBA
R 10Q
(a} C"" v Vo
i ii. From equation (14.87) the rms load voltage is 240V. The rms voltage across the R-L part of the load
£F .
_l_+ q=2 r=1 s=1 Viwms = l/”Z"S_EZ
p=qxrxs
p=2 =+/240V2 —50V? = 234.7V
A = v P iii. The power absorbed by the 50V back emf load is
RN N P =T,E =10.28A x50V = 514W
7/ \ / \
/ \ // \\ // iv. The R-L load voltage harmonics (which are even) are given by equations (14.118) and (14.119):
/ \ / \
(b) / = Df.o ? \// i %RL:ZJZVXCOS‘X - £
0 ! | vg = iR s
[
I e VA7 . AL l/”:ﬂx 1 1 2cos2a for  n=2,4,6,..
7 /% 7 2z (n-1)° (n+1) (n-1)(n+1)
s /
o s/ . .
S s S~ The harmonic currents and voltages are shown in the table to follow.
(V) 2 _Y
harmonic v Z, =R +(nal) L= Fa
' (@) " ol
n (A)
0 102.79 10.00 10.28 105.66
@ o 2 60.02 32.97 1.82 1.66
4 8.16 63.62 0.13 0.01
—EF 4+ -
6 3.26 94.78 0.04 0.00
I+ Yl = 107.33

Figure 14.9. A full-wave controlled converter with an inductive load and negative emf source:
(a) circuit diagram, (b) voltage waveforms for discontinuous load current; and
(c) continuous load current.

Example 14.4: Single-phase, controlled converter — continuous conduction and back emf

The fully controlled full-wave converter in figure 14.7a has a source of 240V rms, 50Hz, and a 10Q,
50mH, 50V emf opposing series load (a dc motor). The delay angle is 45°.

Determine

i.  the average output voltage and current
ii. the rms load voltage and the rms voltage across the R-L part of the load
iii. the power absorbed by the 50V load back emf

From the table the rms load current is given by

I =’ +'/221nz =+107.33 =10.36A

The power absorbed by the 10Q load resistor is
P, =I* R =10.36A x10Q = 1073.3W

v. The load efficiency, that is, percentage energy into the back emf E is

514W
- W 00y -324y
"= 51aw + 1073.3w < 00% = 324%

The power factor is
o = A _514W+1073.3W _ 0.64
v 240V x 10.36A

rms™ rms

vi. The output performance factors are

F = Tme J1036A 4 54g RF = JFF?—1=+[1.008 -1 = 0.125

iv. the rms load current hence power dissipated in the resistive part of the load T ~10.28A

v. the load efficiency, that is percentage of energy into the back emf and power factor V” 240V

vi. the load voltage and current form and ripple factors FF, == = =1.57 RF, = JFFZ -1=4157-1=1.211
9 pp © =Y, 1528V v v

Solution

From example 14.3, continuous conduction is possible since a < ¢ (45° <57.5°).
i. The average output voltage is given by equation (14.114)

Vv, = 22y cosa

o
.4

2% 240
K

x C0s45°=152.8V

Note that the voltage form factor (hence voltage ripple factor) agrees with that obtained by substitution

into equation (14.121), 1.57.
*
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Example 14.5: Controlled converter — constant load current, back emf, and overlap

The fully controlled single-phase full-wave converter in figure 14.7a has a source of 230V rms, 50Hz,
and a series load composed of %2Q, infinite inductance, 150V emf non-opposing. If the average load
current is to be 200A, calculate the delay angle assuming the converter is operating in the inversion
mode, taking into account 1mH of commutation inductance.

Solution

The mean load current is

jozl/o(a)’E
R
V, () - -150V
200A:7"(a)1/9 >0
2,

which implies a load voltage V,(a) =-50V.
The output voltage is given by equation (14.84) V, :Z\I—%COS(X . Commutation of current from one
rectifier to the other takes a finite time. The effect of commutation inductance is to reduce the output

voltage, thus according to equation (14.198), the output voltage becomes

v, :@sin% cosa - noll,[2x where n=2
/n
-50V = @x Cosa — 2 x 50Hz x1mH x 200A
a

=207V xcosa — 20V

which yields a=98.3°. The commutation overlap causes the output voltage to reduce to zero volts and
the overlap period y is given by equation (14.199)

_ v
I,= 20 L (cosa —cos(y +))
2008 = 2BV _ (106380 cos (y + 93.8°))
2750Hz x ImH

This gives an overlap angle of y=11.2°.
*

Three-phase half-controlled converter

Compared with single phase converters, three phase ac to dc converters operate from a 3-phase ac
supply voltage. They are characterized by

higher dc output voltage

higher dc output power and

higher output voltage ripple frequency

Output filtering requirements are simplified for smoothing the load voltage and load current.
Assuming three phase voltages

V,, =v, =V £0°=Vsinot

V,, =V, =V £ -120° =V sin(wt —120°)

V,, =v, =V£+120° =V sin(at +120°)
Then the line to line voltage phase a to phase b is

Var =Vs =V
=2V sinet -2V sin(wt -120°)

=\2Vsinot - 22V sinwt —?ﬁl/coswt
=32V sin(wt +30°) =3 2V sin(wt + ¥%7)
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X
it
T Ts Ts i fo
R-L 1
LOAD Vo
i
D, Ds D,
ipa
4
q=3 r=1 s=2
p=qxrxs (a)
p=6

fa=iT1—ipa

(b) (c)

Figure 14.10. Three-phase half-controlled bridge converter: (a) circuit connection; (b) voltage and
current waveforms for a small firing delay angle a; and (c) waveforms for a large.

The three-phase line input voltages are:
Vo =V Sin(at + Y% 7)

max

Vi =V, Sin(0t ~ Yor) (14.124)

max
Ve =V, sin(at + Yor)

Figure 14.10a illustrates a half-controlled (semi-controlled) converter where half the devices are
thyristors, the remainder being diodes. As in the single-phase case, a freewheeling diode can be added
across the load so as to allow the bridge thyristors to commutate and decrease freewheeling losses. The
output voltage expression consists of V2V 3v3/21r due to the uncontrolled half of the bridge and V2V 33
x cos o /21 due to the controlled half which is phase-controlled. The half-controlled bridge mean output
is given by the sum, that is
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J_V3J—(1+c05a) J_V —(1+c05a)

=2.34 I/(l +CoSs ) (V) (14.125)
O<a<¥%nx (rad)
V,=1,R

Ata =0, 170 =2 V3V3/m = 1.35 V,, as in equation (13.103). The normalised mean output voltage V, is
V,= V. /v, ="2(1+cosa) (14.126)

n

The diodes prevent any negative output, hence inversion cannot occur. Typical output voltage and
current waveforms for a highly inductive load (constant current) are shown in figure 14.10b.

14.3i - a <A

When the delay angle is less than 41 the output waveform contains six pulses per cycle, of alternating
controlled and uncontrolled phases, as shown in figure 14.10b. The output current is always continuous
(even for a resistive load) since no output voltage zeros occur. The rms output voltage is given by

V.= \/ {J’Zm («/—l/) sin’ ot d ot + [:;2”/3(«/514)2 sin’ ot da)l‘}

ms a+x/3

a2
=V, [1+i(1+c052a)] (14.127)
forO<a<z/3

14.3ii - a 2 Vs

For delay angles greater than %41 the output voltage waveform is made up of three controlled pulses per
cycle, as shown in figure 14.10c. Although output voltage zeros result, continuous load current can flow
through a diode and the conducting thyristor, or through the commutating diode if employed. The rms
output voltage is given by

™ \/%I(ﬁlé)z sin’ ot dot

%
:I/L[zi(ﬂ—a-#‘/zsinZa)] (14.128)
v

fora>r/3

The Fourier coefficients of the p-pulse output voltage are given by
ﬁv{ 2 cos(n+l)a cos(n—l)a}
—F - +

a =
" 27 n -1 n+1 n-1

s

n 2/
where n=mp and m=1, 2, 3, .. For the three-phase, full-wave, half-controlled case, p = 6, thus the
output voltage harmonics occur at n=6, 12, ... The three phase supply factors are

(14.129)

sin(n—l)a}

n+1 n-1

Displacement Factor = cos 2«
1
Distortion factor = % J—J—[ cosiaa ﬁﬁ
Ia\/ﬁ*a \/;r(zr—a)
T
Power Factor = Distortion factor x Displacement Factor

B

=—=—(1+cosa)
2 (/r - a)
The time domain solutions for the rectified output current, assuming an inductive load with a load back
emf E, for the three periods are
For the interval 0 < wt < q+%'rr

i, (ot) = T ™ +\/—J—l/[

cos'ea

sin(wt + % — ¢) —in—sjj} (14.130)
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where tang = w%? Z =R+ &} E =23Vsino and

a-Y%m
s V2BV e sin(¢—a)+sing
= 2
z 1- e’ztanw
For the interval a+Ys1r < wt < %1
ot-a+r ot
_ot-a-Yr T tang tang
i t),M B L Sin(¢_a)+w+s.n(wt g)-Sno
1- e’stanw 1_e 3@ cos¢
Three-phase, controlled thyristor converter circuits
The three-phase line input voltages (14.124) are:
=V, Sin(at + %)
=V, sin(wt - Yar)
=V, sin(wt + Yor)
io
q=3 r=1 s=1
pP=qxrxs +
p=3 LOAD Vo

!f‘ =

b)
Figure 14.11. Three—phase half-wave controlled converter:

540

(14.131)

(14.132)

(a) circuit connection; (b) voltage and current waveforms for a small firing delay angle a;

(c) and (d) load voltage waveforms for progressively larger delay angles.
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14.4.1 Three-phase, fully-controlled, half-wave circuit with an inductive load

When the diodes in the circuit of figure 13.11 are replaced by thyristors, as in figure 14.11a, a three-
phase fully controlled half-wave converter results. The output voltage is controlled by the delay angle a.
This angle is specified from the thyristor commutation angle, which is the earliest point the associated
thyristor becomes forward-biased, as shown in parts b, ¢, and d of figure 14.11. (The reference is not the
phase zero voltage cross-over point). The thyristor with the highest instantaneous anode potential will
conduct when fired and in turning on will reverse bias and turn off any previously conducting thyristor.
The output voltage ripple is three times the supply frequency and the supply currents contain dc compo-
nents. Each phase progressively conducts for periods of 2, displaced by a, as shown in figure 14.11b.

The mean output voltage for an n-phase half-wave controlled converter is given by (see example 14.9)

14 [ tosot dot

““2r/n (14.133)
:«/EVWCOSO{ )
T

which for the three-phase circuit considered with continuous or discontinuous (R) load current gives

|4:7uR:3’2£JEVcosa=1.17Vc05a 0<a<r/6 (14.134)
T

For discontinuous conduction, and a resistive load, the mean output voltage is
V, = 1,R= -2V (1+cos(a+ 7 /6)) 7/6<a<57/6 (14.135)
7T

The mean output voltage is zero for a = %m. For 0 < a < 3, the instantaneous output voltage is always
greater than zero. Negative average output voltage occurs when a > %1 as shown in figure 14.11d.
Since the load current direction is unchanged, for a > %1, power reversal occurs, with energy feeding
from the load into the ac supply. Power inversion assumes a load with an emf to assist the current flow,
as in figure 14.9. If a > 1 no reverse bias exists for natural commutation and continuous load current will
freewheel. R

The maximum mean output voltage V, = N2V 33 /21 occurs at a = 0. The normalised mean output
voltage V, is

V,=V, |V, =cosa (14.136)

With an R-L load, at V,= 0, the load current falls to zero. Thus for a > %41, continuous load current does
not flow for an R-L load.

The rms output voltage (for inductive and resistive loads) is given by

\/ [ (v2 v) sin? (wt) dot

a- rr/3

2
—v(1+3‘/—sm2a) O<a<z/6

(14.137)

2z

x/6+a

V.= \/3 J («/_I/smwt) dot

_«/_«/_V\/ﬁ—‘}—wts sin(z /3+2a) 7/6<a<57/6

From equations (14.134) and (14.137), the ac in the output voltage is

2
v, =2 V2 :v( +286in2a -2 cos aJ (14.138)

The output voltage distortion ripple factor is

RF, = \/— + —SInZa cos? o (min(at «=0)= 0.173; max (at a="2n)= 0.66) (14.139)

Equation (14.134) holds for a six phase with connected neutral controlled converter, over O<wt<%t.
14.4.1i Three Phase Half Wave Controlled Rectifier with DC Load Current

For a constant current load /4, each thyristor is forced to conduct for 120° once forward biased, then
triggered with a delay a. The phase current Fourier component are given by
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_27 _[ I, Sln(nwl‘)da)t*i(l cos 2"—”]
Ty zn 3
where
bn:zj—"‘x§ forn=1,2,4,5,7,8,10,...
nr 2

b, =0 for n=3,6,9,12, ...(triplens)
Hence the phase current is

For a constant current load /4, each thyristor is forced to conduct for 120° once forward biased, then
triggered with a delay a. The phase current Fourier component are given by

27/3 2[
b, _2 | 1. sin(not)dot = (1 coszn—”j
Ty 3

where

bnzﬂ—"‘xE forn=1,2,4,5,7,8,10,...

nr 2

b, =0 for n=3,6,9,12, ...(triplens)

Hence the phase current is

i(ot) =—%|sinot + = L sin2wt + = 1 sin4ot += 1 sinSot += L sin7wt +......
b4 2 4 5 7

The rms phase current /, is

The supply current THD is

or based only on the relative pu harmonic component magnitudes
2 2 2 2 2
THD, :\/1 +l +1 +l +1 +...268 %
d 2 4 5 7 8
The input current power factor pf, lagging, which is independent of the dc load current, is given by
1 37,

pf=%cos(a+%n)= V2_x cos(a+%n)
4 I

dc

Wi

33

—cos(a+67r)

Example 14.6: | Three-phase half-wave controlled rectifier, with resistive load

Three phase half-wave controlled rectifier is connected to 415Vac three phase supply via a delta way
415/460V transformer. The rectifier load is 10Q and delay angle is a=25°, then increased to a=60°.
Calculate the PIV of the thyristors and the rectification efficiency for each delay angle.

Solution
i. The thyristor PIV is
PIV =2 V,, = [2 x 460 = 650.54 V
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ii. Rectification efficiency at a=25°

v, 3\/_«/—Vc05a—iv cos(z——460xc0525° 281.5Vv

* 27
=2V, /—+—c052 =2 460 ’—+—cos 2x25)=298.8 V
The rectification efficiency with a 25° delay angle (and since the load is purely resistive) is

V, I V"‘/
=g & 4100 = <100 =

Vins Lons me/ Vm
R
iii. Rectification efficiency at a=60°

B 3[%}460
l/‘,C:ﬂ 1+cos| Zra||=—Y2  1icos|Z+21|=179.33 V
V4 6 27 6 3

2
V.=V, ER —+— sin(z /3+2a)=230V
24 4r 8«
The rectification efficiency with a 60° delay angle is
2
n= Ve Zee 100 - Vg %100 =60.79%
ms ms Vnns

For a purely resistive load, the rectification efficiency is independent of load resistance and transformer
turns ratio, but decreases with increasing delay angle.
*

14.4.2 Three-phase, half-wave converter with freewheel diode

Figure 14.12 shows a three-phase, half-wave controlled rectifier converter circuit with a load freewheel
diode, Dy. This diode prevents the load voltage from going negative, thus inversion is not possible.

14.4.2i - a<m/6. The output is as in figure 14.11b, with no voltage zeros occurring. The mean output
voltage (and current) is given by equation (14.134), that is

I@:fnR:?’z—ﬁﬁVCOSa:I.NVCOSa ) O<a<z/6 (rad)  (14.140)
T
The maximum mean output V, = V2V 3V3/21 occurs at a = 0. The normalised mean output voltage, V,, is
given by

V,=V, [V, =cos (14.141)

The Fourier coefficients of the 3-pulse output voltage are given by (14.129). For the three-phase, half-
wave, half-controlled case, p =3, thus the output voltage harmonics occurat n=3, 6, 9, ...
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Va
— - T,
q=3 r=1 s=1 4).') —
pP=qxrxs iy
p=3

D¢

Figure 14.12. A half-wave fully controlled three-phase converter with a load freewheel diode.

14.4.2ii - a>m/6. Because of the freewheel diode, voltage zeros occur and the negative portions in the
waveforms in parts ¢ and d of figure 14.11 do not occur. The mean output voltage is given by

v, :Zﬁ:ﬂj” sinot dot
27 [ 37 anie
= ﬂ(uccs(am/s)) ) (14.142)

27 /3
n/6<a<5r/6
The normalised mean output voltage V,, is

=V, [V, =11 + cos(a+x/6)]/3 (14.143)
The average load current (with an emf E in the load) is given by
7,-%f (14.144)
R

These equations assume continuous load current.

14.4.2iii - a>5m/6. A delay angle of greater than 5m/6 would imply a negative output voltage, clearly
not possible with a freewheel load diode.

Example 14.7: Three-phase half-wave rectifier with freewheel diode

The half-wave three-phase rectifier in figure 14.12 has a three-phase 415V 50Hz source (240V phase),
and a 10Q resistor and infinite series inductance as a load. If the delay angle is 60° determine the load
current and output voltage if:

i.  the phase commutation inductance is zero

ii. the phase commutation reactance is ¥4Q
Solution
i. The output voltage, without any line commutation inductance and a 60° phase delay angle, is
given by equation (14.142)

Vv, =1, R_m(lJrcos(awr/G))

2 240V
= 1+ cos(60° 6))=162V
5773 ( +cos(60°+ 7 / ))
The constant load current is therefore
I, :V—”:@:IG.ZA
R 10Q

ii. When the current changes paths, any inductance will control the rate at which the commutation
from one path to the next occurs. The voltage drops across the commutating inductors modifies the

output voltage. Since the voltage across the freewheel diode is not associated with commutation
inductance, the output voltage is not effected when the current swaps from a phase to the freewheel
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diode. But when the current transfers from the freewheel diode to a phase, while the commutation
inductance current in the phase is building up to the constant load current level, the output remains
clamped at the diode voltage level, viz. zero. The average voltage across the load during this overlap
period is therefore reduced. The commutation current is defined by

di

d
2Vsinwt =L —7)( <
V2Vsinot =1, 2t = X, 7=

J—V[COS[ GJ—COS(ot]

c

c

Solving for when the current rises to the load current 7! gives

I = J—CV [cos{ 6)—cos[a +%+ 7])

but
r :%:Rfr|;3(l+cos(a+ﬁ/6+y))

cos a+£]—L
6) R2z/3 ( V4 J
— - Cs{atcty

X
€ —+1
R27/3
COS(D{+Z)*L
7 = cos* Agggjg——ﬁﬁﬂg—f[a+%j:05m
——+1
R27/3

The load current and voltage are therefore

IY:@ cos|a+Z|-cos| a+Z+y :M(COSQO"—COSQO.GB"):16.11A
o T X 6 6 e

V) =I’R=16.11Ax10Q =161.1V
L]

14.4.3 Three-phase, full-wave, fully-controlled circuit with an inductive load

A three-phase bridge is fully controlled when all six bridge devices are thyristors, as shown in figure
14.13a. The frequency of the output ripple voltage is six times the supply frequency and each thyristor
always conducts for %sm. Circuit waveforms are shown in figure 14.13b. The output voltage is
continuous, and the mean output voltage for both inductive and resistive loads is given by

3 ¢ a+ter
- ;jm/G \3\2Vsin(t + % 7) dot

:ﬁﬁVCOSa:ZBM/COSa ) (14.145)
s

0<a<27/3
which is twice the voltage given by equation (14.134) for the half-wave circuit, but for a purely resistive
load the output voltage is discontinuous and equation (14.145) becomes

3 33
%—;%MD+mﬂa+/ﬂJ fvp+mqa+/ﬂ] v)

(14.146)
r/3<a<2r/3

The average output current is given by 7, =14 / R in each case. If a load back emf exists, the average

current becomes

I, :%;E (14.147)
The maximum mean output voltage IZ, =2V 3V3/1 occurs at a = 0. The normalised mean output V, is
V,=V, |V, =cosa (14.148)

For delay angles up to %, the output voltage is at all instances non-zero, hence the load current is
continuous for any passive load (both resistive and inductive). Beyond % the load current may be
discontinuous (always discontinuous for a resistive load). For a> 21 the current is always discontinuous
for passive loads (no back emf, E) and the average output voltage is less than zero
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Figure 14.13. A three-phase fully controlled converter:
(a) circuit connection and (b) load voltage waveform for four delay angles.

For continuous load current, the load current is given by

wt+rf6ra
J_J_ 3 J_J_v . e
i(ot) =—— sm(mt+%—¢) ———sin( ¢)m (14.149)
The maximum and minimum ripple current magnitudes are
/6,
By E _32v ¢ e
I=———sinla+7 -¢)-—+ sin(a - ¢)— (14.150)
z ( A ) R z o Vs _q
atwt=a+gnmforn=0,6, 12, ..
v By E _\3\2v 1
I= sin T —¢)—— sin(a — 14.151
z (a " A ¢) Rz (@-9) o s 4 ( )

atwt=a-gm+gnmforn=0,6, 12, ..
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With a load back emf the critical inductance for continuous load current must satisfy I=0in equation
(14.151), that is
R | sin(a - ¢) E
R lsin(a—d+Yr)+ Sl P 14.152
Z X{ (a ¢ A”) o P _q BV ( )

where tang=wl /R .
The rms value of the output voltage for an inductive and purely resistive load (continuous) is given by

v, - [3 [“3(42v) sin*(wt) dot ]%
T

a-x/6

0<a<rz/3 (14.153)
= B2V V2 + %cosZa
but for a purely resistive load (discontinuous)
Voo =BV [L- 22~ 3 sin(a-n/3)  n/3<as<2as3 (14.154)
The output voltage ripple factor (with continuous current) is
RF, ()= 1%2 + %cos 20-cos’a  (min(at @=0)= 0.025; max (at a=Y2n)= 0.3) (14.155)

and the efficiency is

n(a):llFF2:1/1+32£cosza
T

The normalise voltage harmonic peak magnitudes in the output voltage, with continuous load current,
are

(=17 ey oD D) (14.156)

Vm:«/ZV3\[3 1,1 200s2a
V3

forn=6,12,18...
The harmonics occur at multiples of six times the fundamental frequency.
fully-controlled converter

delay angle a
0 20°  30° Yarr 60° 70° 80° Yar®

101
5 |— Single-phase
2 pulse
single-phase  __ _ — — -
x 1 Sl _
\‘, Semi-controlled _ -
T e — ———
< 0.5 ~ 7 three-phase
K]
1 ~0.8 0.4 0.2 0
0.1 Z 4 ' '
7 ontrole’ «— per unit dc output voltage V,
005 — / et ™
qnree® ree-phase
/ 6 pulse
0 30° Yarr 60° 75° Yo 105° 120° Yarr 150°

delay angle a

semi-controlled converter

Figure 14.14. Critical load inductance (reactance) of single-phase (two pulse) and three-phase
(six pulse), semi-controlled and fully-controlled converters, as a function phase delay angle a
whence dc output voltage V,. For a rectifier, a = 0.
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For discontinuous load current, at high delay angles, when the output current becomes discontinuous
with an inductive load, the output current is given by

i(at)= @[5‘”(“"‘ +-d)-snlarg-de L] e

alot<a+0

where 6, is the conduction period, which is found by solving the transcendental equation formed when in
equation (14.157), i(wt = a+3m+6,) = 0. The average output voltage can then be found from

l/g:M[cos(m%)—cos(m%w[)}—375[%—9(} (14.158)

14.4.3i - Resistive load
For a resistive load, the load voltage harmonics for p pulses per cycle, are given by
J2v| -2 cos(n+1l)a cos(n-1)a
a”:W m+1  n+1  n-1
p
J2v [sin(n+1)a  sin(n-1)a
b, = 27, n+l  n-1
7
forn=pm and m=1, 2, 3, .. The harmonics occur at multiples of six times the fundamental frequency,
for a 6 - pulse (p =6) per cycle output voltage.

(14.159)

14.4.3ii - Highly inductive load — constant load current

As with a continuous load current, with a constant load current the input current comprises %t
alternating polarity blocks of current, with each phase displaced relative to the others by %,
independent of the thyristor triggering delay angle. At maximum voltage hence maximum power output,
the delay angle is zero and the phase voltage and current fundamental are in phase. As the phase
angle is increased, the inverter output voltage, hence power output is decreased, and the line current
block of current (fundamental) shifts by a with respect to the line voltage. Reactive input power
increases as the real power decreases. At a = %%, the output voltage reduces to zero, the output power
is zero, and the %4t current blocks in the ac input are shifted 21 with respect to the line voltage,
producing only VAr's from the ac input. When the delay angle is increased above %1, the inverter dc
output reverses polarity and energy transfers back into the ac supply (inversion), with maximum inverted
power reached at a = 11, where the reactive VAr is reduced to zero, from a maximum at a = %%1.

For a highly inductive load, that is a constant load current 70 :
the mean diode current is

Im=Y1,=%1 (A) (14.160)
and the rms diode current is
L = Vi Ly ms = Vinlo = Vlo (M) (14.161)
The diode current form factor is
Fry =TIy | I =3 (14.162)

The diode current ripple factor is

RF, =\JFF2 —1=\2 (14.163)

The rms input line currents are

Lo = \E I, =08161,,, (14.164)

A phase voltage is given by
v, =\2Vsinot (14.165)
with phases b and ¢ shifted by % 1. That is substitute wt with wt+%1r.

The line current i, is given by

i, (ot-¢)= ﬁlg(sin ot - Lsinsot - Lsin7wt + L sinl1wt +-Lsin13ot
7 5 7 11 13 (14.166)
~Lsint70t- Lsin19wt+.....)
17 19

where @, is the angle between the supply v, and the fundamental line current i,;.
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From Fourier coefficients of the line current harmonics are

27
a, = 1 [ i(&)cos not dot
K 0
Sz 11z
e e,
==| [ I,cosnotdot - [ I,cosnotdot (14.167)
i T T
L e
:—4[" sinn—”sinna n=1,3,5,...odd
nr 3
1 27
b, == [i(t)sinnwt dot
z 0
S5 11r
e e,
==| [ Isinnotdet - [ I,sinnot det (14.168)
T L3 L4
- 7,
3L sinn—”cosna n=1,3,5 ...0odd
nr 3

such that \/@’ + b7 = ‘;[” sinf;—”
T

The input line current, which has no dc component (a,=0), is

=3 ‘L’” sin 2 sin(not - na) (14.169)

n-135,...

The fundamental input current and rms are

1) = 2B e gt —ay =B 1 sin(ot - a)
z (14.170)

LT,

The power factor for a constant load current is

where I,

1rms

2+
3V, .N3—1,cos
- \/gl//msllrms cosa - \/— rmS\/— T ° ¢

> > ==cosa=0.995cosa (=DF xDPF) (14.171)
ﬁvmxﬁi, ﬁvmx\gfa "
where cosa is the displacement factor, DPF, the cosine of the angle between the fundamental input

voltage and current, @4, as given in equation (14.170). The displacement factor is the component 3/1r.
The supply fundamental apparent power, S;, active power P and reactive power Q, are given by

2= 32v -

S, =B, =3V 21, -0 - R

P, =P =5, Cosa (14.172)

EVIAS
T

pr

Q,=@ =5,,snha where P, =

max

= ‘Qmax‘ = ‘Smax‘

The apparent power drawn by the 6-pulse converter, for a constant load current is
Sq=F+70Q,
=5, . (cosa+ jsina)

max

(14.173)
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Active power, pu

a=0

cosa
Rectifier quadrant
cosF

=F

—=\a
\—”/ ’\d:p/l

Reactive
power, pu

dc output voltage

Inverter quadrant

“ Control voltage, pu

pI2

P

Figure 14.15. Power locus of 6-pulse converter and per unit output voltage.

The supply apparent power is constant for a given constant load current, independent of the thyristor
turn-on delay angle. Maximum power is drawn for zero delay angle, while maximum apparent power is
drawn at « = %.m. Dividing equation (14.173) by S; gives the system power locus in per unit. The
semicircle shown in figure 14.15 with centre ‘0’ and a radius of 1 pu is the P-Q locus of the 6-pulse
converter obtained by varying a from 0 to 1 in equation (14.173). The pu output voltage is cosa.

The supply power factor, equation (14.171), is defined as the ratio of the supply power delivered P, to
apparent supply power S,

P I 3 DPF
pf=—="Lcosa =—xCoSa = DF x DPF = ———+—= (14.174)
S I 7 1+ THD?

where DPF =cosa = cos®,, DF = I,/I;= 3/, and the total harmonic input current distortion, THD, from
equations (14.164) and (14.170) is

{ 2 _ 72 2 2
mp-NE o Ly (Z) g o311 (14.175)
]51 ]521 3

The dc-side voltage harmonics of the 6-pulse converter are generated at 6n times the fundamental line
frequency. The output voltage, V,, can be expressed as a Fourier series (see equation (14.156)):

v, —W[cosmi Lt 1, 2082 gons| (taare)
7 F\(6n-1) (6n+1) (6n-1)(6n+1)
where
cos(6n+1)a cos(6n-1)a
Fop = =1 + tan” sin?6nn++11)a sin(grrlz —ll)a
6n+l  6n-1

For a highly inductive load, the harmonic components tend to zero whence the average output voltage
from equation (14.176) reduces to equation (14.145), whilst the rms output voltage is given by (14.153).
The output current in the time domain, from equation (14.149), is
sin(¢—a
sin(wl'+1/m—¢)+(¢7”)e ane (14.177)

o (ot)= B
’ z 1- e’ztanw

Undesirably, if triggering pulses to all the thyristors are removed, the dc current decays slowly and
uncontrolled to zero through the last pair of thyristors that were triggered. Converter shut down is best
achieved regeneratively by increasing (and controlling) the delay angle to greater than %zt such that the
output voltage goes negative, which results in controlled power inversion back into the ac supply.

Series and parallel connection of fully-controlled, phase-shifted converters is considered in Chapter 23,
in relation to HVDC transmission.

ot-a




delay angle (rad) a
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If 25kW is delivered to the dc load, calculate:
14.4.3iii- R-L load with load EMF, E

iv. the supply power factor
The load current during the interval a < wt < a+%r17 is defined by iv. the dc output voltage, load resistance, hence the converter phase delay angle
i di . V. the real active and reactive Q;ac supply power
Ri+ LE +E =2V, sin(wt + %) (14.178) vi. the delay angle range if the ac supply varies by +5% (with 25kW and 100A dc).
which, provided it is continuous, yields Solution
/‘(t) B \/EI/L sin(¢ _ a) eign;a . sin(a;t e ¢) B Sinz;z (14.179) i From equations (1{.160) and (14.161) the thyristor average and rms currents are
z . eﬁ 3 cos ¢ : I, =%1,=%x100A=33%A
Toms =% I, = \[% x 100A = 57.7A
where Z =\R* +?l?; tang=wl [ R; R:Zcos¢;andE:\/§l/Lsinéz. ) - 4 fund ol .
ii. e rms and fundamental line currents are
NO CONDUCTICN I, = \/210 e = \/z «100A = 81.6A
™ ; : - : , 3 3
gINFEASlBLEE I, = ﬁﬂjg = ﬁ@ x100A = 78.0A
= i i [} V1 ya
3
o
o g i, The apparent power is
< S, =\BVI,,, =3 x415V x78A = 56.1kVA
Ty S ; e o g iv. The supply power factor, from equation (14.171), is
i ; sing © P, 25kwW 3
" pr = = =0.426 =—CoSsa
%Tr_ ................... § \/§|/"71$[”"5 ﬁX415VX816A 4
FEASIBLE .E v. The output voltage is
1 ] _ power/ _ 25kW, =
/ § v, - %0, N/ son = 250V de
0 ; it i - T T . i T The load resistance is
-1 ] 0 Y 1 0 Vamm Vst au R —Vi—250v—259
sing Load angle (rad) ¢ 71 100A
Thyristor delay angle is given by equation (14.145), that is
Figure 14.16. Conduction constraints with load back emf: V =2.34V cosa
(a) minimum delay angle and (b) load dependence. °
250Vdc = 2.34 x 415%5x cosa
The boundary for continuous load current, figure 14.16, i(wt=a )>0, from equation (14.179), is which yields a delay angle of a = 1.11rad = 63.5
v |sin(¢-a) Vi. For a constant output power at 100A dc, the output voltage must be maintained at 250V
sina > —~x1+sin (a + Y- ¢) Cos ¢ dc independent of the ac input voltage magnitude, thus for equation (14.145)
1 e3tns . 250Vvdc
=08 ———r —
In the discontinuous mode current conduction starts at wt=a, and can be obtained form (14.157) as 2.34 x (415 + 5%)
LY ot L 3
) 2V || sina . Lo sina B
iy (t) = ZL @—sm(%zwa_@ e = +sm(wl'+%7z—¢)—@ o cost 250Vdc —1.08rad - 61.9°
© 77 234x(415-5%)/ T
while the average output voltage is obtained from equation (14.158): ﬁ
3 ) . L
V, 4 :;\/EI/[Zsm‘/zﬁ SIn(‘/37r+a+‘/2ﬁ)+(‘/37r—ﬂ)sma} o = cos™t 250Vdc _1.13rad - 64.9°
2.34 x(415 +5%)
where the conduction angle 8 =a.-a. In continuous conduction, 8 =%, which gives equation (14.148). \E
The supply power factor is 3/1T cosa. *

Example 14.8: Three-phase full-wave controlled rectifier with constant output current 14.4.4 Three-phase, full-wave converter with freewheel diode

The full-wave three-phase controlled rectifier in figure 14.13a has a three-phase 415V 50Hz source Both half-controlled and fully controlled converters can employ a discrete load freewheel diode. These
(240V phase), and provides a 100A constant current load. circuits have the voltage output characteristic that the output voltage can never go negative, hence
Determine: power inversion is not possible. Figure 14.17 shows a fully controlled three-phase converter with a
freewheel diode D. Thyristor/diode variations similar to those shown in figure 14.1 are possible.
i. the average and rms thyristor current
i, the rms and fundamental line current e The freewheel diode is only active for a > %m. The output is as in figure 14.13b for a < %m.

jii. the apparent fundamental power S Each thyristor conducts for 4m. The mean output voltage is
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_ The rms output voltage is
v ~T.R =3 3V cosa = 2,34V cosa V) (14.180) 5
= : V. =32V /7(7r—a+‘/2sin2a) (14.182)
O<a<rz/3 (rad) K
e while
The maximum mean output voltage V/, = v2V 3v3/ occurs at a = 0. =, 38
Vo=I,R=="> 2V (1+cos(a+7/3)) ) (14.183)
The normalised mean output voltage V, is given by 7/3<a<27/3 (rad)
V,=V, [V, =cosa (14.181)
The normalised mean output, V,, is
V,=V, [V, =1+cos(a+x/3) (14.184)
q=3 r=1 s=2 The rms output voltage, assuming continuous conduction, is
pP=qxrxs : 2 g -
pe6 k_ iy V,. =BV E (274 + 3 cos?a) (14.185)
T T Ts o while
V,=0 ) 27/3 < a (rad) (14.186)

I~

Lot |
—
o
>
o
J

—

=

In each case the average output current is given by 7, =l /R, which can be modified to include any

load back emf, that is, 7, = W -E)/R.

From the waveforms of figure 14.17, v, is periodic over one third of the input cycle. Therefore, for a<lstm
v, (ot) =V, + >V, cos3net +V,, sin3nwt
n=1

where

Ta/Ds K Te/Ds T./D, v 3J§V 1+(-1) cos(3n+1)a +1+(—1)" cos(3n-1)a
Tt 3n+1 3n-1
sin(3n+1 sin(3n-1
I/As.n:ﬂl{sin‘/znzr ( )a+ ( )a
2z 3n+1 3n-1
Vbe Similar results are obtained for a > Y4Tr.
To find the Fourier series of the input ac line current, the load may be replaced by a constant current
q |—-— on source fo having the same value as the average load current. This approximation will be valid provided
o T " the load current ripple is relatively small. With this assumption:
15m w «
m i,(wt)=Y[1,,cos nwt +I,,sinnet |
n=1
where
I, = i[cos na - (—1)”}sin %nx
0O | 7 T T '}”
D, [ ¥ 1 De wt I, ==esinynzsinna
nr
~ ™~ ™ —
Yo /\v# /\w The fundamental component, with n=1, is
it o~ | — iy = §TO cos V2a cos(wt - Y2a)
T
o
‘ om Assuming a constant load current results in
T oma wt
Va .
i —N ‘ |_/ N K—\I displacement factor = cos V2«
_o ) ﬁf cosaa
t o l
| \& J ” | L'>A/ ’ distortion factor = 2t = 7 = 6 costia
s [1 Z,Jﬁ_a \Iﬂ'(ﬂ*a)
T

(b) (c)

Figure 14.17. A full-wave three-phase half-controlled converter with a load freewheeling diode:

(a) circuit; (b) a = §n; and (c) a = Van.

power factor = distortion factor x displacement factor

- \/% cos? Vaa = fm (1+cosa)
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With continuous load current, with an R-L-E load, the closed form solution for the current is

ForOsasYm

atiarYr ot y
tang tang .
i(t)= Yav C sin(p-a)+—S——sing+sin(at + ¥ —g)- 0L (14.187)
4 1_g3ens 1_gdans cos ¢
For YAsm<as<%m

2V || ek eimt‘::’%ﬂ e;":’ sina
i(t)=—>~|{e ™ +———isin(¢-a)+——=—sing+sin(ot —¢)-—— (14.188)

z 1_ T 1 T cos ¢

where Z =JR* +?L>; tang=owl/R; R=Zcosg;andE =+2V,sinc.

Example 14.9:| Converter average load voltage
Derive a general expression for the average load voltage of a p-pulse controlled converter.

V3

(a)

rectify

—————

2v

_ ; . (b)
o7 sin pr

Figure 14.18. A half-wave n-phase controlled converter:
(a) output voltage and current waveform and (b) transfer function of voltage versus delay angle a.
Solution

Figure 14.18 defines the general output voltage waveform where p is the output pulse number per cycle
of the ac supply. From the output voltage waveform
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L2V cos ot daot

1 J xlnta

o= 2z [ p* -winva
v .
_Zﬂ/p(5|n(a+;z/p)—sm(a—;r/p))
= 2V 2sin(x / p) cosa
2z p
V= ﬁzsin(n/p) cos a
:IZcos:z )

where
for p = 2 for the single-phase (n = 1) full-wave controlled converter in figure 14.7.
for p = 3 for the three-phase (n = 3) half-wave controlled converter in figure 14.11.
for p = 6 for the three-phase (n = 3) full-wave controlled converter in figure 14.13.
*

Overlap

In the previous sections of this chapter, impedance of the ac source has been neglected, such that
current transfers or commutates instantly from one switch to the other with higher anode potential, when
triggered. However, in practice the source has inductive reactance X, and current takes a finite time to
fall in the device turning off and rise in the device turning on.
Consider the three-phase half-wave controlled rectifying converter in figure 14.11a, where it is assumed
that a continuous dc load current, I,, flows. When thyristor T;is conducting and T, (which is forward
biased) is turned on after delay a, the equivalent circuit is shown in figure 14.19a. The source
reactances X;and X, limit the rate of change of current in T;as i;decreases from I, to 0 and in T,as i,
increases from 0 to I,. These current transitions in T; and T, are shown in the waveforms of figure
14.19d. A circulating current, i, flows between the two thyristors. If the line reactances are identical, for a
constant output current, the inductor di/dt currents are equal and opposite, the output voltage during
commutation, v,, is mid-way between the conducting phase voltages v; and v,, as shown in figure
14.19b. That is v, = Y2(v; + v,), creating a series of notches in the output voltage waveform as shown in
figure 14.19c. This interval during which both T;and T,conduct (i # 0) is termed the overlap period and
is defined by the overlap angle y. Ignoring thyristor voltage drops, the overlap angle is calculated as
follows:

V,—V, = 2Lﬂ

dat

With reference t = 0 when T,is triggered

V, v, =V, =3V o, = B2 Vsin(at + @)
where Vis the line to neutral rms voltage.

Equating these two equations
2Ldi [ dt =B3N2 Vsin(at +a)

Rearranging and integrating gives

) B2V
i(wt) = Tm(cosa—cos(wbra)) (14.189)
Commutation from T, to T, is complete when i = I,, at wt = y, that is
= Ji;/;ELV (cosa—cos(y +a)) = 232[/2’ (cosa—cos(y +a)) A) (14.190)

This equation holds for y < %m, provided
I, < B
«/Ea)[

Figure 14.19b shows that the load voltage comprises the phase voltage v, when no source inductance
exists minus the voltage due to circulating current v, (= 2(v; + v;)) during commutation.

cos(a - %) {Ia < 23’;'2" cos(a - %ﬂ)i|
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XL iy
V1 1 i Io
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I Vy=%(vi+vy) (b)
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Yo Rectifying a < 90° Inverting:a >{90°
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Figure 14.19. Overlap: (a) equivalent circuit during overlap; (b) angle relationships; (c) load voltage for
different delay angles a (hatched areas equal to I,L; last overlap shows commutation failure); (d) thyristor
currents showing eventual failure; and (e) voltage across a thyristor in the inversion mode, a >90°.
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The mean output voltage V’ is therefore
v =V,-7,
-1 [ Vot - [V dot }
2z / 3 nw%ﬁ n-zr/é
where v, = Y2(v; + V,)

3 I MW&«/E Vsin(wt +a) dot

vy = 3| s
2% [T v {sin(ot +294) + sinot|dot
v,—v, =2Ldi | dt
% :iﬁ«ﬁVCOSa—iﬁﬁv(cowz—cos(aﬂ/)) (14.191)
27 2r 2
V= iﬁﬁv[c05a+cos(a+y):| =1, [cosa +cos(a +7) ] (14.192)
T

which reduces to equation (14.134) when y=0. Substituting cos a-cos (a + y) from equation (14.190)
into equation (14.191) yields

% :ﬂﬁl/cosa—iam[u =V, -
2z 2z

3
2z

wlI, where V, = 32£«/§V (14.193)
JT

Vo

‘ ~ Z(vrtv2)

i(wt)
by
ol
rectifying Inverting
Vo>0 V,<0
i T

equation
(14.189)

i(wt) =

NENEYS

20l

(cos & - cos (ot +a))

wt

I
T T
e m

Figure 14.20. Overlap y for current commutation from thyristor 1 to thyristor 2, at delay angle a.
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From equation (14.190) the commutation angle y is

y=cos™ [cosa— 2oL Ioj—a =cos™ [cosa—%[aj—a (14.194)

B2V v,
The displacement power factor angle is displaced by half the overlap angle, that is

DPF = cos ¢, = cos(a +Vzy) (14.195)
while the overall power factor is
cos(a +Y2y)

N1+ THD?

The mean output voltage V, is reduced or regulated by the commutation reactance X; = wL and this
regulation varies with load current magnitude I,. Converter semiconductor voltage drops also regulate
(decrease) the output voltage.

The component 3wL/21 is called the equivalent internal resistance. Being an inductive phenomenon, it
does not represent a power loss component.

As shown in figure 14.20, the overlap occurs immediately after the delay a. The commutation voltage,
Vz- V4, is V3V2Vsin a. The commutation time is inversely proportional to the commutation voltage v, - v;.

pFf = DPF x DF = (14.196)

For rectification, as a increases from zero to 21, the commutation voltage increases from a minimum of
zero volts to a maximum of V3 V2 V at ¥, whence the overlap angle y decreases from a maximum of
y ata=0toaminimum of y at .

[For inversion, the overlap angle y decreases from a minimum of 7 at % to a maximum of 7 at, as
the commutation voltage reduces from a maximum, back to zero volts.]
From equation (14.190), with a =11

y=arc sinQRuL, /23 V)
The general expressions for the mean load voltage V) of an n-pulse, fully-controlled converter, with
underlap, are given by

L 2v
% :2”/,7sm77,7 [cosa+cos(a+y)] (14.197)
and
I/j:%sin%cos:z T onXI |2z (14.198)
v

where V is the line voltage for a full-wave converter and the phase voltage for a half-wave
converter. The plus sign in equation (14.198) accounts for inversion operation.

Effectively, as shown in figure 14.21, during rectification, overlap reduces the mean output voltage by
nfLI, or as if a were increased. The supply voltage is effectively distorted and the harmonic content of
the output is increased. Equating equations (14.197) and (14.198) gives the mean output current

I, :Qsin%(cwa—cos(wa)) A) (14.199)

which reduces to equation (14.190) when n = 3.

Harmonic input current magnitudes are decreased by a factor sin(l/zny) /Vany .
In the three-phase case, for a constant dc link current I, without commutation effects, the rms phase
current and the magnitude of the n'™ current harmonic are

21
I, = 2 o 1, =1, @ (14.200)
NE) nr
When accounting for commutation reactance effects the fundamental current is
2 2%
[ 052 -cos2(a+y)| +| 2y +sin2a-sin2(a+y) }
I, :1'0& I: ] [ :I (14.201)

z 4[cosa—cos(a+7)]

The single-phase, full-wave, converter voltage drop is 2wLI,/mm and the overlap output voltage is zero.
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nX/2n y
L A PP aa N 1,=0,y=0
—E_)_ P from equation (14.198)
—+~ Vo' =n 2" V/axsinn/nxcosa

rectification

—_— VAS
p—

Vo'=0, y=m
from equation (14.199)

HE?

\ n2” V/axsinm/nxcos - v,

:n ‘mxsinn/nxcosa ean N Io=2x2/' /X xsinn/nxcosa.
—— N
output AN

voltage s/t;pe -

1
! Load current / inversion
(a) (b)

Figure 14.21. Overlap regulation model: (a) equivalent circuit and (b) load plot of overlap model.

The general effects of line inductance, which causes current overlap are:

the average output voltage is reduced

the input voltage is distorted — notching in the ac voltage

the inversion safety angle to allow for thyristor commutation, is increased

the output voltage spectrum component frequencies are unchanged but there
magnitudes are decreased slightly

e thyristor di/dt is reduced.

Table 14.2. Summary of overlap effects on rectifier circuits

) . single-phase single-phase three-phase three-phase n-pulse
configuration full-wave bridge half-wave bridge rectifier
AV LI 2X, 7 3X. 3X, I nXx, 7

¢ 7 ° z ° 27 "° z ° 27 °
o5 —cos(y +0) LX, 20X, 20X, 20X, X

- a
T J2v &v Jov J6v f2vsin

Overlap - inversion

A fully controlled converter operates in the inversion mode when a > 90° and the mean output voltage
is negative and less than the load back emf shown in figure 14.19a. Since the direction of the load
current I, is from the supply and the output voltage is negative, energy is being returned, regenerated
into the supply from the load. Figure 14.22 shows the power flow differences between rectification and
inversion.

As a increases, the returned energy magnitude increases. If a plus the necessary overlap y exceeds wt
= 11, commutation failure occurs. The output goes positive and the load current builds up uncontrolled.
The last commutation with a = 17 in figures 14.19c and d results in a commutation failure of thyristor T;.
Before the circulating inductor current i has reduced to zero, the incoming thyristor T, experiences an
anode potential which is less positive than that of the thyristor to be commutated T;, v; - v,< 0. The
incoming device T, fails to stay on and conduction continues through T;, impressing positive supply
cycles across the load. This positive converter voltage aids the load back emf and the load current
builds up uncontrolled.
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L | i
rectification T i T i |
R
Vs + Vs power R
. in
i>0 Vo i>0 Vo
vs>0 /\j vs<0
0<a<¥%m L vmw<a<m L
power + + power
out out
power
mn 17 inversion + |

(a) (b)

Figure 14.22. Controlled converter model showing:
(a) rectification and (b) inversion.

Analysis of the converter in the inverting mode is similar to its rectifier mode of operation. The same
expressions hold for the dc and harmonic components in the output voltage and current. The input
supply current Fourier series is also identical. In particular
vV, = @VL cosa
T
iy = &fg cos (ot - )
T
Equations (14.197) and (14.198) are valid provided a commutation failure does not occur. The
controllable delay angle range is curtailed to
O<a<zm-y
The maximum allowable delay angle @ occurs when &+y = and from equations (14.197) and
(14.198) with « + y = = gives

~ XI
=cost{—"o  _1i< rad 14.202
“ {«/EVsinzr/n } " (r2) ( )

In practice commutation must be complete & rad before wt = m, in order to allow the outgoing thyristor to
regain a forward blocking state. That is a+y + 8 <x. & is known as the recovery or extinction angle,
and is shown in figure 14.19e. The thyristor recovery period increases with increased anode current and
temperature, and decreases with increased voltage.

The input power is equal to the dc power
P =\BVIcosg=V,I, (14.203)
The input power factor is therefore

VI
COS¢p = 22—~ 2| COSax +COS(a + (14.204)
BVI I: ( )]
See chapter 23 for higher pulse number converters (12 pulse - section 23.4 and 18 pulse - section 23.6).

Example 14.10: Converter overlap

A three-phase full-wave converter is supplied from the 415 V ac, 50 Hz mains with phase source
inductance of 0.1 mH. If the average load current is 100 A continuous, for phase delay angles of (i) 0°
and (ii) 60° determine

i the supply reactance voltage drop,

i mean output voltage (with and without commutation overlap), load resistance, and output
power, and
il the overlap angle

Ignoring thyristor forward blocking recovery time requirements, determine the maximum allowable delay
angle.
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Solution

Using equations (14.197) and (14.198) with n = 6 and V = 415 V ac, the mean supply reactance voltage

v, =T onf L1, =2 w2250 %107 x10?
2z 2z
=3V
(i) a =0° - as for uncontrolled rectifiers. From equation (14.198), the maximum output
voltage is
vy = V2v sinz,cosa —nX_.I, [ 2x
2z /n
= \/gxi/tssin% x cos0 -3V = 560.44V - 3V = 557.44V
va

where the mean output voltage without commutation inductance effects is 560.4V.
The power output for 100A is 560.4Vx100A =56.04kW and the load resistance is 560.4V/100A =

5.6Q.
From equation (14.197)
v
v = >e sinz /n[cosa+cos(a+7)]
557.44 = %xsinn/Gx[l+cosﬂ
thatis y = 8.4°
(i) a=60°
2V
V= siny,cosa —nX.I, [ 2
=5y SN C0Sa ~ X1, | 22
= \Exifés sinzg x cos 60° — 3V = 280.22V - 3V = 277.22V
7T

where the mean output voltage without commutation inductance effects is 280.2V.

The power output for 100A is 280.2Vx100A =28.02kW and the load resistance is 280.2V/100A =

2.8Q.
/172
V= 5o [7 sinz/p [c05a+cos(a+y)]
2 x415 N N
277.22 = 2576 Vax[ c0s60° + cos (60°+ 7) ]

thatis y = 0.71°

Equation (14.202) gives the maximum allowable delay angle as

o~ 1 XI
a=005"—=——"2—-1
\/El/sm;r/n
" {2n50><10"‘><101 }
=cost{—————-1
2x415x 1>
=171.56° and V) = -557.41V
L]

Summary

General expressions for n-phase converter mean output voltage, V,
(i) Half-wave and full-wave, fully-controlled converter
in( 7
V, =2V sin(z/ m) cosa
z/n

where Vis
the rms line voltage for a full-wave converter or
the rms phase voltage for a half-wave converter.
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cos a = cosy , the supply displacement factor
From L’Hopital’s rule, for n—«, V, = V2 Vcosa
(ii) Full-wave, half-controlled converter
Vv, =\2v sin(7/n) (1+cosa)
z/n
where Vis the rms line voltage.
(iii) Half-wave and full-wave controlled converter with load freewheel diode

VO:«/zl/smi(;;MCOSa O<a<Var-7[pn
n

v =«/§V 1+Cos(a+‘/zﬂ—ﬁ/n)
’ 2z/n
the output rms voltage is given by

v, =V 1408282z
2z /n

200 -2
Y "« 7cos(a 7/n)
4 2x/n 4z [/ n

Vor—7m[n<a<Ver+7/n

a+7[n>Vr

where Vis
the rms line voltage for a full-wave converter or
the rms phase voltage for a half-wave converter.

n = 0 for single-phase and three-phase half-controlled converters
= 7 for three-phase half-wave converters
= Va1 for three-phase fully controlled converters

These voltage output characteristics are shown in figure 14.23 and the main converter circuit

characteristics are shown in table 14.2.

Vo1
Half controlled: (1 + cos a)2
= Fully controlled: cos a
05k Freewheel (1 + cos{a+72 — 7n))/2
MY
. : \
S | . \
. B RN
> = | \
& 3
g o
° n
S
‘3‘_ ° I L L L \ L - L L L
E] o e "/2\ P77 ™
c
g - = Y/ \\ "2+ "n ——— With freewheel diode
2 | \
)
Z
£ | \
\
~os| AN
\
L \\
Ay
- N
Ll ~

Figure 14.23. Converter normalised output voltage characteristics as a function of firing delay angle a.
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Definitions (see Chapter 13.6)

I/ averageoutputvoltage 7, average output current

V.. rmsoutput voltage I, rmsoutput current
I} peak output voltage } peak output current

v

(G

Load voltage form factor = FF, = me% Load voltage crest factor = CF, = V
o ms

Load current form factor = FF, = [”"/j Load current crest factor = CF, = %

rms

dc load power

Rectification efficiency = 7 = —
ac load power + rectifier losses

- kL

Vs s + LOSS ccir
Waveform smoothness = Ripple factor = RF, = effective values of acV (or ) = Yy
average value of V (or 1) A

2 _ |2
_ KWVZVO _ o1

o

n=1

) v
where V, = { 1(v2, +vs, )}

i

similarly the currentripple factoris RF, = % = JFF?} -1

o

RF, = RF, for aresistive load

Output pulse number

Output pulse number p is the number of pulses in the output voltage that occur during one ac input
cycle, of frequency f;. The pulse number p therefore specifies the output harmonics, which occur at p x
fs, and multiples of that frequency, mxpxfs, form=1, 2, 3, ...

p= period of input supply voltage
period of minimum order harmonic in the output IV or 7 waveform
iod of mini der h. ic in th Vorrl fi

The pulse number p is specified in terms of:

q the number of elements in the commutation group
r the number of parallel connected commutation groups
s the number of series connected (phase displaced) commutating groups

Parallel connected commutation groups, r, are usually associated with (and identified by) intergroup
reactors (to reduce circulating current), with transformers where at least one secondary is effectively star
connected while another is delta connected. The rectified output voltages associated with each
transformer secondary, are connected in parallel.

Series connected commutation groups, s, are usually associated with (and identified by) transformers
where at least one secondary is effectively star while another is delta connected, with the rectified output

associated with each transformer secondary, connected in series. 9=3 r=2 s=2
p=qgxrxs
p=12
The mean converter output voltage V, can be specified by
l/azsixlfl/a, xSin%xCOSa (14.205)
ya

For a full-wave fully-controlled single-phase converter, r=1, =2, and s=1, whence p=2

22V,

v, =1xgﬁl/¢xsin£xcosa=7¢xcosa
V4 2 V4

For a full-wave, fully-controlled, three-phase converter, r=1, g=3, and s=2, whence p=6

3J2V,
v :inx/il/ xsinZ x cos a = 2 Y xcosa
¢ T ¢ 3 T
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Table 14.3: Main characteristics of controllable converter circuits

Ouput phase number n 1 2 3 6
and ripple frequency (xf.):
Type of controlled circuit: Single-phase bridge Three-phase bridge
Single-
phase Two-phase | Fully Half Three-phase | Fully Half
half- half-wave | ¢ lled| controlled | half-w: controlled controlled
Text figure number: 12.2a 12.7a 12.6b 12.1 12.11a 12.12a 12.10a
Maximum output voltage V| V2 Vin | 2V2 Vin 0.9V) 3V3V2Vim| 3V3V2Vin  (2.33V)
la = 0 or diode bridge (0.45 V) (117 V)
V is rms phase voltage
Mean O<a<n6 | 0<a<n3
output 1+ cosa 1+ cosa 1+ cos a
voltage [Normalised |Pure resistive — — cos a cos a s
controlled  |load or with
mean output | freewheel /6 < a < 5n/6|n/3 < a <2n/3
voltage diode D¢
1 + cos 1 + cos
" (a + n/6) (a + 3)
v %
0’ o \/3
Text figure
no. 12.6a 121 12.12 12.15 12.10a
Inductive 1+cosa 1+ cosa
load without cos a . cos a cos a
D, 2 2
Equivalent internal resistance
inX2n X =oL 0.318% | 0.637X 0.477X 0.955X
Output voltage ripple ratio
(per cent)
(@=0,y=0) 121 48 19 42
Rectifying Average current I/n | I, 1,2 1,3 13
device
Peak voltage, x V| V2 e | v Viva Vav2 Z,
a<Yhrw
V21,
Fundamental 7 2V2 IJn [ cos al2 V6 Ijn 2 7
Supply rms * 3°°
currents
/2
Total L I I, V1-aln \/ 3 b
b (n—a) n
Harmonic f Vi 1+cosa) \/(;)2‘1 ’
armonic factor p 14(1+cosa) a<Yn
3
Supply ) —(1+cosa)
factors Displacement factor, cos —a | cos —al2 cos —a 27
cos g az ¥
V2 [Va(l+cos o) 3 V3 (1+cos)
Power factor A ® 0w Vn(n—a) ke Ji-a
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: = Maximum Load Maximmuum Average Maximum Average
Fa Max ey Voliage Thyristor Current Diode Current
Name Wacforms  Thyristor . Load Voltage with Delayed Firing
Volge | & 4= Average P Cond. Average Cond
Notation Schensatic SCR |Diode  E, « RMS verage Amps. | poo Ampe: Period
HalEWave L | | E E E 180
Resistive Load = J] Fanes E -2 Ey -3t Qecosa) K
b 3R 2 ; E R
R 2 E-—t [m-a+
2%
HalfWave Inductive | LL1:H _F@- 14 | Er | B Highty  E, | 180° 20"
Load with Free with Free S Epus . y d %R
Wheeling Diode | Wheeling ¥ i b E E Ind Lood xR »
e ¥ o E -+ Ey -2t (+cosar) :-I—R
ode ke x el Convent- Ey B
ional %R
Center Tap Full 211 - 28 Ay 180 180°
e Ernes
[ : P
Load or Inductive E oo
Load with FWD) & "R R
Center Tap DLl a-| 28 %p 180°
Inductive Load b Epues E
& =R
Center Tap EIRY, a : 14 0 (28 360° E 180°
Inductive Load with K K R
t s s p R
with FWD Thyristor | Thyristor : 2K, 2E,
in DC Circuit inbC C By "R 5(E,) s
Cireuit WD
xR
Phase Haf e I - | E | B 180 E 180°
Half Control | Cantrol P ) 5 Exus P E xR
Resistive of 118 S e | |, | E =k
Inductive FWD Load | and FWD s & E = ( +cosa) R a8
a o FWD
Single Phase Full - 14 Ep 180°
Bridge Full Control | Control g g oF E
Resistive or +11B P F e 4 -
Inductive FWD Load § ‘T x L
Single Phase EERE ] @ 14 Ep | Ep 50° E 180°
Bridge with Thyriswor| with “’ o L, 1 Erus ;f;
in DC and Free Thyistor | oo Fom | | cx, B 2F
Wheeling Diade Control s o Eatq 5 3
" ] & o= (1 +cosat) = SE, 180
and FWD s \ T A
o xR
Three Phase Half | 311 T@_ 245|245 331 120
Wave Inductive of & Epys (Erms
Load ¢ Wi,
Ei=
n
Three Phase Half | %11 245 (240 | Ep £, =3y3E, (cos) 33k 1200 | Siewo3slp | <12P
Wave Resistive with Free Eps | Fus - WD
Load o Inducdve | Wheeling WAE M| (Deaa<3er)
Load with Free Diode B =t
Wheeling Diode ™ E, = 3E,[1+ cos(a+30)]
o (30Paa<l5i)
Three Phase Bridge | 6118 245 (248 331y 1200
Full Control with Full Fans [Favs
Inductive Load Control AT,
(cosez)
Thiee Phase Bridge | 61418 245 (245 |248 33y 1200 | Sineto 380y | <12P
Full Control Full Contred Epws |Exus | Erus — {cosa) WD
Resistive Load or | and FWD Eoe NIE, B (paw<bF)
Inductive Load with 4=
Free Wheeling Diodk " , wse 3
oe eeling e o o e 'T.ﬁlﬂ
(6ra<12e)
Three Phase Bridge |6-1-1-8 P e— 25 |24 |240 33y 1200 33 1p (L
Half Control “T“FJ o al- Eraes | Eiues | Erus
Resistive Load or  [and FWD Ja—e " I
Inductive Load with 1
Free Wheeling Diode L Sizeto 381y | <120P
WD
Inverse Parallel AC Switch — | | 180°
Thyristors Resbiive - i Lo s ; -
low ’ , B ey
Load T o | E = (% - @ +2sin2a)
. B U VX ¥ R
o 3
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AC-dc converter generalised equations
Alternating sinusoidal voltages
V, =2V sinwt
V, =2V sin(wt - )

V, =\2Vsin(at - (q-1) %)
where q is the number of phases (number of voltage sources)

On the secondary or converter side of any transformer, if the load current is assumed constant 7 then
the power factor is determined by the load voltage harmonics.
Voltage form factor

FF, = @
v,
whence the voltage ripple factor is
_ 1 2 27" _ 2 V2
RE, = Vs ] =[P 1]
The power factor on the secondary side of any transformer is related to the voltage ripple factor by
P VI 1

pf="¢ -
S gVl JRF*+1

On the primary side of a transformer the power factor is related to the secondary power factor, but since
the supply is assumed sinusoidal, the power factor is related to the primary current harmonics.

Relationship between current ripple factor and power factor
R =+ S0 =T
]1 h=3 11
I, 1

G

The supply power factor is related to the primary power factor and is dependent of the supply
connection, star or delta, etc.

Half-wave controlled rectifiers — star connected secondary supply [see figures 14.4, 14.11]
g phases and q thyristors, and a phase delay angle of a. The pulse number is p (=q).

Mean output voltage is

1{+/nz
A 27[ e 2V sinwt dot

= 1\/—I/S|nf Ccos a
7f q

=V (a=0) cosa
The rms output voltage is

Vv = -9 Vm%'m(\/—l/smwt) dot

ms g e

2 2
=2V |V sin<Z cos
2 [2+4 - a]

The maximum and minimum voltages in the output are

v=\2v for0<a<$
:\/ZVcos(—£+aJ fora>Z
q q
1>=\/2Vcos[£+aJ fora<3—”+£
q 2 gq

=-\2v fora>3—”+£
2 gq
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Normalised peak to peak ripple voltage and amplitude of the output harmonics are

1-cosZ
q

T
Sin—
q

= i\/Zl/sm—\cowz\ o 3 «/1 +k*q* tan’ o
T
Diode reverse voltage
Vo = 22V g even
g :ZﬁVcos% g odd
The thyristor currents are the same as the equivalent diode circuit
Power factor (is related to the equivalent diode circuit)

prf = —“frqsingcos(x =pf,_,cosa

Overlap angle and inductive voltage

wl T
coSa —cos(a + p) = —=—2—
J2vsinZ
q
Ve = i(ucha
2z
Time domain equations, for an R-L load
Lﬂwa/—ﬁVcosm )
dt
Continuous current
+u - ot)/tang
(o t)_J_Vcos(wt - 9) +{ig-‘/§ZVcos(—;+a )€ y
where Z = \/RZ + o’l>  (ohms)
tan ¢ = ol/R
where

27

V1 . V1 V3 . V4 otand
cos(= + a) + tangsin(= + a) — | cos(~ — ) — tangsin(—= — ) |e *="*
GV ) (p ) ¢ (p ) { (p ) ¢ (p )}

° Rsec’¢ 1- e’ﬁ
with an average value of
= 7 Eﬂsm cosa
R rn R P

Discontinuous current
Boundary condition

tang tan” + tanh ot
tana = p an¢

tanZ — tan ¢ tanh
p ptan¢

(-Z+a - ot)/tang
i(wt):ﬂ coswt +tangsinwt + |cos Z & —tangsin Z _alle” -
Rsec’ ¢ p p

The average output voltage is dependent on the current extinction angle, 8

- P in 8 —sin| -~
Vofzﬂﬁv[smﬁ sm[ p+aﬂ

568
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Half-wave controlled rectifiers, with freewheel diode [see figures 14.6, 14.12]
q phases q thyristors and 1 diode
v(wt)=2Vcoswt  for Zia<ot<Zia
P P
=0 for Z<ot<Z+a

2 p

where the earliest conduction point is
as>Var-ZL

P

Mean rectified output voltage is

_ p Yamr
V, = ﬂj:%m«/fVcosm‘ dot
=£\/§I{1—sin[—£+aﬂ
2r P

RMS voltage

2
V. =BV u-P_PLL P ol 2%
me 8 4z 8r q

The maximum ripple occurs at ot = —% + a, with zero volts during diode freewheeling, thus
Vv, ,= \/fl/cos(ﬁ—aj—o
p
2V cos| Z - cos| Z -
_k [p“j 2 [p“]
TV, P Byliosin[F - P 1isin| %
22 e~ P
The freewheel diodes conduct for p periods of duration m/p+a, and the currents are
Tor =1, [‘/2 L Pe. %p]
2z

a
=7, (1/” pa. %p)
2z

The thyristor conducts for 2m/p without a load freewheel diode and 2m/p-(m/p+a+%zm) when the diode is
present. The thyristor rms current is

I 2
I = —”[vz- pa +1/4p}
2r

rmsTh -\/E

I

rms Df

Full-wave fully controlled thyristor converters—star connected supply [see figures 14.7, 14.8, 14.9, 14.13]

g phases 2q thyristors

Pulse number, p
p=q if g is even
p=2q if qis odd

Mean voltage
Vv, = PisinZ cosa = V, cosa
g P
The rms output voltage is
2
v, =V|1+ isinz—”comz
4 P

orms
T

The maximum and minimum voltages in the output are
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v=r for0<a<Z
p
=Veos|-Z+a for o>~
14 14
v=Vcos| Z+a foroz<3—”+z
P 2 p
=V for a > 3z +Z
2 p
where
v-r 1 Ly
p sin”
p

. 2q "4
A 77\/§l/sma

Thyristor maximum reverse and forward voltage

v, =242v g even
17,;, = 2\/§l/cosi g odd
2q
RMS currents and power factor
I, 2
I, = ? Lyms =1, E

P

pf = 9 sinZ cosa = pf,_,cosa
T q

Overlap angle and inductive voltage

wl T
cosa —cos(a — ) = ﬁ
2Vsin=
q
me = ga)LC]G
V4

Half-controlled full bridges — star connected secondary [see figures 14.1, 14.10, 14.17]

q phases q thyristors and q diodes, each of which conduct for 21/q
Pulse number

p=q for all g, odd or even
Mean voltage

q .
V,= ;«/stma(HCOSa)
v 1+cosa
2
. 2q LT
where V) = 7\/5Vsma
Thyristor and diode reverse voltage
V, =22V g even
Vv, = ZﬁVcos% g odd

Power factor

2 2 . 7 l+cosa 27
I =1 |- f = =+g sin=——F— a<m——
=1, ’q P ﬂ«[q q

g 2
v 2

IS:JO[I—EJ pf:stin£(1+c05a)(L) a>n-2Z

T T q T-a q

570



571 Power Electronics

Full-wave fully-controlled bridges — delta connected secondary supply
Pulse number in the rectified output is

p=q for g even

p=2q for q odd

Thyristor maximum forward and reverse voltages

b 22V 7 even
qg.
—SIin—
Tq
T
A ZﬁVcosE
Ve =——" g odd
Dgn”
T q

The power factor is the same as for the star case.

Half-controlled full bridges — delta connected secondary supply

In terms of the semiconductors and rectified voltage star and mesh behave the same.
Mean voltage, for all q is

q LT
v, :;«/fl/sma(1+c05a)

y 1+cosa
2
where V. :z—q«/stinf
i q

For a 3-phase half-controlled converter, the secondary current is

L
I a
J =20|1-%
: J3( ”]

5]

J2  1l+icosa
FoN2_ 1+cosa
p V4

()]

For large q, g>6
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14.1.  For the circuit shown in figure 14.24, if the thyristor is fired at a = %4
i derive an expression for the load current, i
ii. determine the current extinction angle, 8
iii. determine the peak value and the time at which it occurs
iv. sketch to scale on the same wt axis the supply voltage, load voltage, thyristor voltage,
and load current.

5 v=240y/2sin 2750t | 3 X =108

D)

Figure 14.24. Problem 14.1.

14.2.  For the circuit shown in figure 14.25, if the thyristor is fired at a = Y4 determine
i the current extinction angle, 8
ii. the mean and rms values of the output current
iii. the power delivered to the source E.

iv. sketch the load current and load voltage v,
L i
N
X =108
v =240\/2sin 2150t
+
E=120y/2 (V)

Figure 14.25. Problem 14.2.

14.3. Assuming a constant load current derive an expression for the mean and rms device current
and the device form factor, for the circuit in figure 14.1.

14.4. Plot load ripple voltage Kg, and load voltage ripple factor RF,, against the thyristor phase delay
angle a for the circuit in figure 14.1.

14.5. Show that the average output voltage of a n-phase half-wave controlled converter with a
freewheel diode is characterised by

v, =2y SN o, V)
z/n
O<a<Ve-z/n
1 —
v, =J§V1+COSa+ Vorr — Y )

2z [ n
Yor —pm<a<Ver+ pm

14.6. Draw the load voltage and current waveforms for the circuit in figure 14.6a when a freewheel
diode is connected across the load. Specify the load rms voltage.

14.7.  The converter in figure 14.6a, with a freewheel diode, is operated from the 240 V, 50 Hz supply.
The load consists of, series connected, a 10 Q resister, a 5 mH inductor and a 40 V battery.
Derive the load voltage expression in the form of a Fourier series. Determine the rms value of
the fundamental of the load current.
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14.8. Show that the average output voltage of a single-phase fully controlled converter is given by
22V
T
Assume that the output current I, is constant.
Prove that the supply current Fourier coefficients are given by

V=

o

Cosa

41, . 47
a,=—-—2sinna b, =—2cosna
T nr

for n odd.
Hence or otherwise determine (see section 14.6)

i. the displacement factor, cos @

ii. the distortion factor, u

iii. the total supply power factor A.
Determine the supply harmonic factor, p, if

p=1,11,

where I, is the total harmonic current and I, is the fundamental current.

14.9. Show that the average output voltage of a single-phase half-controlled converter is given by

v, = @(1 +cosa)
T
Assume that the output current I, is constant.

Determine i the displacement factor, cos @
ii. the distortion factor, uy
iii. the total supply power factor, A.
Show that the supply harmonic factor, p (see problem 14.8), is given by

4(1+cosa)

14.10. A centre tapped transformer, single-phase, full-wave converter (figure 14.7a) with a load
freewheel diode is supplied from the 240 V ac, 50 Hz supply with source inductance of 0.25 mH.
The continuous load current is 5 A. Find the overlap angles for
i. the transfer of current form a conducting thyristor to the load freewheel diode and
ii. from the freewheel diode to a thyristor when the delay angle a is 30°.

@

L]
Yoy = COS™ {1 5 0 } =2.76%
2V

ol
Vg =COS™ {cos a- \/—70} -a=0.13°
2V

14.11. The circuit in figure 14.4a, with v = V2 V sin(wt + a), has a steady-state time response of

NA1%

i(wt) = ?{sin(a)t +a-g)-sin(a - g)e "/
where a is the trigger phase delay angle after voltage crossover and ¢ = tan™(wL / R)

Sketch the current waveform for a = a1 and Z with
i R >> wL
ii. R=wL
iii. R << wL.
[(V2 V/R) sin(wt + %); (V/R) sin wt, (V/wL) (sin wt - cos wt + 1)]

14.12. A three-phase, fully-controlled converter is connected to the 415 V supply, which has a
reactance of 0.25 Q/phase and resistance of 0.05 Q/phase. The converter is operating in the
inverter mode with a = 150° and a continuous 50 A load current. Assuming a thyristor voltage
drop of 1.5 V at 50 A, determine the mean output voltage, overlap angle, and available recovery
angle.

[-485.36 V-3V -5V -11.94V =-505.3 V; 6.7°; 23.3°]

14.13. For the converter system in problem 14.12, what is the maximum dc current that can be
accommodated at a phase delay of 165°, allowing for a recovery angle of 5°?
[35.53 A]
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14.14.

14.15.

14.16.

14.17.

14.18.

14.19.

14.20.

14.21.

14.22.

14.23.

14.24.

14.25.

The single-phase half-wave controlled converter in figure 14.4 is operated from the 240 V, 50 Hz
supply and a 10 Q resistive load. If the mean load voltage is 50 per cent of the maximum mean
voltage, determine the (a) delay angle, a, (b) mean and rms load current, and (c) the input
power factor.

The converter in figure 14.1a is operated from the 240 V, 50 Hz supply with a load consisting of
the series connection of a 10 Q resistor, a 5 mH inductor, and a 40 V battery. Derive the load
voltage expression in the form of a Fourier series. Determine the rms value of the fundamental
of the load current.

The converter in figure 14.12 is operated from a Y-connected, 415 V, 50 Hz supply. If the load is
100 A continuous with a phase delay angle of 11/6, calculate the (a) harmonic factor of the
supply current, (b) displacement factor cos , and (c) supply power factor, A.

The converter in figure 14.12 is operated from the 415 V line-to-line voltage, 50 Hz supply, with
a series load of 10 Q + 5 mH + 40 V battery. Derive the load voltage expression in terms of a
Fourier series. Determine the rms value of the fundamental of the load current.

Repeat problem 14.17 for the three-phase, half-controlled converter in figure 14.10.
Repeat problem 14.17 for the three-phase, fully-controlled converter in figure 14.13.

The three-phase, half-controlled converter in figure 14.10 is operated from the 415 V, 50 Hz
supply, with a 100 A continuous load current. If the line inductance is 0.5 mH/phase, determine
the overlap angle y if (a) a = 1/6 and (b) a = %4T.

Repeat example 14.2 using a 100Vac 60Hz supply.
A fully controlled half-wave rectifier has a resistive 30Q and a 240V ac 50Hz voltage source.

(a) If the delay angle a = 60°, determine:
i the average voltage across the load resistor
ii. the power absorbed by the load resistor
iii. the ac source power factor.
(b) If the average load current is 5A determine
i the average voltage across the load
ii. the power absorbed by the load
iii. the supply power factor.

A fully controlled half-wave rectifier has a 240V ac 50Hz source and a series R-L load of R =
20Q and L = 50mH. If the delay angle is a = 60°, determine

i an expression for the load current
ii. the average load current
iii. the power absorbed by the load
iv. the supply power factor

An electromagnet is modelled by a series R-L circuit with R=10Q and L=100mH, and supplied
from a 50Hz 240V ac voltage source.

i when supplied from a full-wave uncontrolled rectifier, the average current must be
20A to active the magnetic field. What series resistance must be added to
increase the average current to 20A?

ii. when supplied from a full-wave fully-controlled converter, what delay angle will
produce the necessary average current of 20A to activate the electro-magnet?

Show that the power factor for a fully-controlled single-phase full-wave converter with a purely
resistive load is given by

of = ’1ig+sin2a
T 2z
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14.26.

14.27.

14.28.
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A fully controlled single-phase full-wave bridge converter has a 60 Q resistive load and a 240V
ac 50Hz voltage source. If the firing delay angle is a = 60°, determine:

i. the average load current

ii. the rms load current

iii. the rms source current

iv. the ac source power factor

A three-phase, fully-controlled, converter is supplied from a 3.3kV ac 50Hz source. If the load is
a 110Q resistor determine:

i the delay angle which results is an average load current of 20A

ii. the amplitude of the first voltage harmonic (at 300Hz)

A three-phase, fully-controlled, converter is supplied from a 3.3kV ac 50Hz source. If the R-L
load is R=100Q and L =100mH, and the delay angle is a = 30°, determine:

i the average load current

ii. the amplitude of the first current harmonic (at 300Hz)

iii. the rms phase current from the ac voltage source.
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